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Abstract. This paper is about algebro-geometrical structures on a moduli space Jl 
of anomaly-free BV QFTs with finite number of inequivalent observables or in a fi- 
nite superselection sector. We show that J£ has the structure of F-manifold - a linear 
pencil of torsion-free flat connection with unity on the tangent space, in quantum co- 
ordinates. We study the notion of quantum coordinates for the family of QFTs, which 
determines the connection 1-form as well as every quantum correlation function of 
the family in terms of the 1 -point functions of the initial theory. We then define free 
energy for an unital BV QFT and show that it is another avatar of morphism of QFT 
algebra. These results are consequences of the solvability of refined quantum mas- 
ter equation of the theory. We also introduce the notion of a QFT integral and study 
some properties of BV QFT equipped with a QFT integral. We show that BV QFT with 
a non- degenerate QFT integral leads to the WDW equation — the formal Frobenius 
manifold structure on .Ji — if it admits a semi-classical solution of quantum master 
equation. 



1. Introduction 



This the 2nd installment of the series of papers in a quest to find algebraic principles 
of general quantum field theory. A large part of this paper is a natural continuation of 

* This work was supported by Mid-career Researcher Program through NRF grant funded by the MEST 
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the last chapter of the previous one [1], dealing with the same class of quantum field 
theory called anomaly-free BV QFT with a finite number of equivalence classes of ob- 
servables or in a finite superselection sector. We have shown that such a theory comes 
with its family parametrized by a formal smooth super (moduli) space M with a base 
point, which corresponds to the initial QFT, in quantum coordinates. It was a natural 
consequence of the existence of solution to quantum master equation, which auto- 
matically gives a distinguished solution to the Batalin-Vilkovisky (BV) quantum mas- 
ter equation. Our quantum master equation was shown to govern the quantization of 
classical correlators such that its solution can be used to determine every quantum 
correlation functions from a generating set of 1 -point functions. 

In this paper we shall refine the previous notion of quantum master equation in its "up 
to homotopy" part and find and its solution. We shall also introduce a QFT integral, 
which is another piece of data possibly carried by a BV QFT. An immediate conse- 
quence shall be that the tangent space of the moduli space ^ of a BV QFT with 
an QFT integral has certain algebraic structure, which, in special non-degenerate, 
semi- classical cases, reduces to that of K. Saito [2] and, independently, Witten-Dijkgraaf- 
Verlinde-Verlinde (WDW) [3,4], a.k.a. the Frobenius manifold structure formalized 
and studied in details by Dubrovin [5] . 

For us, the refined quantum master equation shall pave a way for understanding both 
morphisms of QFT algebras up to homotopy and homotopy path integrals, which are 
the subjects of the 3rd paper in this series [6] . We also isolate the notion of QFT com- 
plex from the definition of BV QFT algebra in [ 1] , which is the core structure of general 
QFT algebras to appear in sequels. 

The solvability of the refined quantum master equation implies that there is 3 -tensor 
^a/s''> which is a formal power series in an affine coordinates tu = of the graded 
space vector space H of equivalence class of observables, on ^ satisfying 

1. symmetry (graded commutativity and potentiality): 

A «)'-r_nlt"llt'*U« r ^^Pr" . .f-m ^^Pr" _q 

2. relation (associativity): 

p p 

3. unity: there is distinguished distinguish element such thatAoys'' = dpT', 
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4. homogeneity (Euler vector): 



Y,\t'\t' ^Aapr = i\tr\ -\tP\- \n)Aapr. 



dtp 
p 



We remark that a formal super- manifold with such a 3-tensor was called an F-manifold 
by Herling-Manin and studied in [7,8]. The symmetry of the 3-tensor Aap^ implies 
that Aap^ = f^lg^^p , for some {$'^], so that the associativity relation and unity imply 
that 

^ VdFdW J [dtPdtr J ~ VdtPdtr J VdFdtP J ' 



The above equation may be viewed as a weaker version of WDDV equation, though 
its solution is not particularly relevant for us. Rather, the role of Aap"^ as quan- 
tum correlation functions for the full family of BV QFT in quantum coordinates is our 
greater interest. 

The coefficients of an expansion of Aapf at tH = 0: 

Aap^ = map'' +^tP mpap" + ^ t^' t^' nip.p.ap^ + - 

P ' P1.P2 

correspond to the structure constants of the sequence m2, ma, m4, • • • of graded sym- 
metric products of ghost number zero on H, rUn : S"H —> H, which were discussed 
in the previous paper and, together with the 1-point functions {{Oa)] and the QFT 
cycle, were used to determine all of the n -point quantum correlation function of the 
initial BV QFT. In this paper we shall show that, in fact, Aap ^ can be used to determine 
all n-point correlation functions for every BV QFT in the family parametrized by 
The key concept is that of quantum coordinates {T^} for the family, which are formal 
power series in tH and tl~^ involving the coefficients of A^p^ in the following form 

ai,a2 



1_ ^ f^^H"' l-nma,a2aj+^ma,a2^mpaj\+-, 
ai,a2,a3 \ P J 



+ 

en 



such that 
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are quantum correlation functions for the family. Conversely determine A^^^ as 
follows 

where ^ denotes the matrix with entry 'gpT ■= J-^T'^ = 5^ + ••• e H[tH,^~^]], 
which is invertible. Then (i) the graded commutativity of is obvious (ii) both the 
potentiality and associativity reduces to d^~^ A d^S = 0, where d = d,t"^ is the 
formal exterior derivative (iii) the unity becomes = - 

For an unital BV QFT, where the partition function (1) is normalizable to 1, free energy 
F can be defined as follows 

" r 

where (Oa) is normalized expectation value. Then, the free energy is a formal power 
series in tn and tl and satisfies the following system of differential equations: 

where | ^^^j, = (O^. We shall see that the free energy is another avatar of a mor- 
phism of QFT algebra. There is also an exciting possibility to study phases of the mod- 
uli space ^ via thermodynamical interpretation of the free energy. For this, however, 
we should able to work with convergent power series instead of formal one. 

In Sect. 4.4 of the previous paper [1] we have argued that the notion of quantum co- 
ordinates is a natural generalization of that of flat or special coordinates on moduli 
spaces of topological strings or conformal field theory in 2-dimensions [3,4,9, 10]. For 
the mathematics side, it was demonstrated that both the flat structure on the moduli 
space of universal unfolding of simple singularities due to K. Saito [2] and the flat co- 
ordinates on moduli space associated with differential BV algebra with dd -lemma due 
to Barannikov-Kontsevich [11] are also examples of quantum coordinates. We should, 
however, keep in mind that the associated moduli spaces of the above mentioned ex- 
amples also come with a compatible flat metric gap on its tangent space: 

gap=i-ir'''^gpa, X''-P'Spr=X''Pr'gap, ^ =0, 

P P 

which is invertible. The additional data [gap], then, implies that Aapy := ^ap^ gpj 
is totally graded symmetric for all 3-indices and there is some potential ^ such that 
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Aapy = ^fagtPgtr ■ Then the associativity and unity conditions become the WDW equa- 
tion: 

Sap 

where denote the inverse metric. 

Our BV QFT package (BV QFT algebra plus QFT cycle) does not automatically lead to a 
compatible flat metric, while the above historical examples come with additional data 
such as suitable version of the Poincare metric or the Barannikov-Kontsevich (BK) 
integral[ll]. In this paper we introduce the notion of QFT integral, which supplies 
new quantum homotopy invariants in addition to those coming from a QFT cycle. A 
QFT integral shall be a QFT cycle with special property which can also be viewed as a 
generalization of BK integral. We, then, show that BV QFT with a QFT integral induces 
certain rich algebraic structure on TM, which, in the semi- classical case, is exactly 
Frobenius manifold. 

These results are further evidence of our assertion that the notion of quantum coordi- 
nates is a natural generalization of flat, or special, coordinates. The term quantum 
coordinates is motivated by the following phenomena: A solution to the quantum 
master equation automatically gives a solution to quantum descendant equation (BV 
quantum master equation) whose classical limit corresponds to a specific choice of a 
universal solution to the Maurer-Cartan equation (the classical BV master equation) 
governing the moduli space Via such the solution the affine coordinates tn = 
on H give a distinguished coordinates called quantum coordinates on^.ln the semi- 
classical case such quantum coordinates has been called flat since gap happens to be 
independent of tn- 

We also note that the essential information of quantum correlations is summarized 
by the quantum coordinates {T{ti-iy] for the family, which can be inverted after be- 
ing regarded as a sequence of maps, parametrized by on // to a formal neighbor- 
hood around the base point in Such inversion is reminiscent of the Abel-Jacobi 
inversion of period map on elliptic curve^ as well as the mirror map and could be a 
universal problem associated with quantum field theory without anomaly. For us it 



dt'^dtP 



^ It is interesting to note that an attempt to generedize this picture has led K. Saito to his original dis- 
covery of Frobenius manifold structure on a universal unfolding of singularity (see his own account 
in[12]). 
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adds strength to the mantra of our series that quantum field theory is the study of 
morphisms of QFT algebras, with quasi-isomorphisms being physical equivalences. 

This paper is organized as follows. In Section 2 we setup notations and conventions 
as well as a streamlined summary of the the basic mathematical setting of the pre- 
vious paper [1]. The notable additions are the definition of QFT complex and two 
propositions about it. The QFT complex is a core structure of general QFT algebras. 
In Section 3 we state the main theorem of this paper on solutions to refined quantum 
master equation and study various consequences, as summarized above. In Section 
4, we study the notion of QFT integral and derive Frobenius manifold structure in the 
semi- classical case. The last section is devoted to a proof of our main theorem. Proofs 
of some technical propositions used in the main text are in Appendix A and B. 

I would like to thank John Terilla for a proofreading of this manuscript. 
2. Preliminary 

This section is a brief summary of the basic mathematical setting of the previous pa- 
per [1]. We shall also fix notations and conventions. The presentation here is in some- 
what different order and, perhaps, more streamlined since it is without the attempts 
to justify whether our scheme is indeed about quantum field theory which compli- 
cated the previous document. 

A notable addition in this paper is that we have isolated the definition of a QFT com- 
plex from a BV QFT algebra as a core structure. We prove two important propositions 
on QFT complex. General (both commutative and non-commutative) QFT algebra 
is a QFT complex with certain compatible additional algebraic structure, where the 
compatibility shall be always stated as suitable ^-divisibility conditions. 

In the remaining part of this paper we shall use the Einstein summation convention 
that the repeated upper and lower indices are summed over without the summation 
notation. It is also understood that an equality labeled by unrepeated indices shall 
mean that it is valid for all the ranges of the indices, unless otherwise specified.^ 

Fix a ground field Ik of characteristic zero, usually M or C. Let "^hea Z-graded k-vector 
space and set 



2 For example, Apr' =App''Aap'' means that X^^a^'' Apr" =Ilp^Pp''^ap'' foralla,^,r,o-. 
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where fl is a formal parameter (the formal Planck constant) . The Z-grading is specified 
by ghost number and | a| denotes the ghost number of a. We set | | = 0. We shall denote 
an element of '^[[^]] by an upright bold letter, i.e., a G "i^ff^]], and an element of 
by an italicletter, i.e., a e "i^, such that formal power series expansion of an element 
ae'^lin]] shall be denoted as a= flC) ^^(i) ^2^(2) _^ ...^ where d"') e for all n = 
0, 1, 2, • • • . We shall often denote a^") by a . Projection of any structure parametrized by 
tl from to will be called taking classical limit. In general, anything in formal 

power series of tl is denoted by an upright bold letter, such as F , while a slanted bold 
letter, such as T, denote something in formal Laurent series of fl. 



2.1. QFT Complex 

Consider a sequence K = K^'^'> + flK'-^'f + H^K^^^ H — of k-linear maps on ^ into 
parametrized by Tl with ghost number 1. The action of K on '^[[^]] is defined by the 
k[[fi]]-linearity and fi-adic continuity: 

Ka:=22^:(^'^fl^"-^'l 

n=0 ;'=0 

We shall usually denote K'-^^ by Q. 

Definition 2.1. The pair ["^[[tljlyK] defines the structure of a QFT complex on if 
K2 = 0. 

The structure of QFT complex on "iS is considered modulo the natural automorphism 
on ^^[[??]], which is a sequence g= 1 + hg^^^ + ?2^gP) _| — of k-linear maps on into 
itself parametrized by h with ghost number such that g\n=o = 1- The action of g on 
is defined the k[[?l]]-linearity and ??-adic continuity. Such an automorphism 
send K to K' = gKg-i: 

K = Q + ^i<:W + --- ^ K' = Q + ^(i<:W + gWQ-QgW) + ---. 
The leading relations for the condition = are 

Q' = o, 

^(1) J^(l) + QJ^^P) ^ ^(2)q ^ 0, 
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etc. Thus {"^,0) is a cochain complex over k called the underlying classical cochain 
complex (in the QFT complex). Note that the structure {'^,Q) is invariant under the 
natural automorphisms on 

Definition 2.2. The cohomology of a QFT complex ['^(o[[tl]], K) is the cohomology H of 
the underlying classical cochain complex i'^,Q), which is fixed by the automorphism 
on'^lin]]. 

A morphism of QFT complex from Ki^) to (VK[[^]], Kvi^) is a sequence fvw = 

fvlv + ^fvlv — k-linear maps on 1^ to parametrized by h of ghost number 0, 
such that fvw K = K w^vw- We shall often denote fyl^ by fvw- The leading relations 
are 

fvwQv = Qwfvwr 

jvwJ^v + Jvw'^v — Jvw + Qwjvw 
Thus, in particular, fvw is a cochain map of the underlying classical cochain complex. 

Definition 2.3. A quasi-isomorphism of QFT complexes is a morphism of QFT com- 
plexes whose underlying classical cochain map induces an isomorphism on the coho- 
mology. 

A quantum homotopy is a sequence 

svw = svw + 'fls^vw'^ ^^s^vw "I — 

of k-linear maps on V into W with ghost number —1 parametrized by tl. We shall 
often denote by svw- Morphisms of QFT complex fvw and iy-^ are quantum 
homotopic if 

^vw ~ ^vw — Syiv K y + K w^vw 
for some quantum homotopy Svw- The leading relations are 

f'vw ~ f'^'^ ~ svwKv + QwSvw, 

fvw - fvw = svwK^v + l^w^vw + s^vwQv + QwSvw- 

Thus, in particular, f'yy^ and fvw are cochain homotopic. Both quantum morphism 
and quantum homotopy are defined modulo automorphisms %vv and %ww such as 
fvw — * gwwf vwgv^V- 



Definition 2.4. A QFT complex {^[[h]\, K) is called on-shell ifK\fi=o = 0. 
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Remark 2.1. The prefix "on-shell" is motivated by an analogy with the classical equa- 
tion of motion, which corresponds to the vanishing loci of Q regarded as an odd vector 
field over the space of classical fields. 

The following is the theorem in section 3 of the previous paper [1]: 

Theorem 2.1. On cohomologyH of a QFT complex there is 

the structure{H[[h]\,K = flx'-^'i + ^^k-P) -\ — j of an on-shell QFT complex. Also, aquasi- 
isomorphism f : {H,Q) — » {"^jQ) of the classical complex which induces the identity 
map on H has an extension to a morphism f=f + hf^^^ + hf^^^ H — of QFT complexes, 
Kf = fK, which is defined uniquely up to quantum homotopy and automorphisms. 

The leading conditions for Kf = fK are 

Qf=o, 

K^^)f+QfW = f^W_ 

Let K = h^K^^"^ + ?z""'"^K'("+i) -I — such that k^"^ ^ 0. Then k^"-^ remains invariant under 
automorphism on i?[[^]]. The quasi-isomorphism / : {H,0) C^yQ) in the above 
proposition is nothing but a k-linear way of choosing representative of each and every 
cohomology class. Then Q/(x) = for any x^H and the Q-cohomology class of f{x) 
is X, i.e., [/(x)] — X, so that / induces the identity map on H. Theorem 2.1 implies 
that the structures (//[[^]],k) and ('if [[??]], K) on H and , respectively, are quasi- 
isomorphic as QFT complex via f. 

Remark2.2. Note that the both(//[[^]],K) and K) are also cochain complexes 

over the formal power series ring Ik[[^]] and f as a Ik[[^]]-linear map on into 
[[^]] is a cochain map since Kf = fK. Recall that a cochain map induces a morphism 
on the cohomology. The cohomology of a cochain complex (^[[^]], K^) over k[[h]] 
is, of course, the quotient k[[^]] -module Ker Ki^/Im K^^. A cochain map is a quasi- 
isomorphism (of cochain complex) if it induces an isomorphism on the cohomology. 
Hence, our definitions of the cohomology of QFT complex and quasi-isomorphism 
of QFT complex could be vexing. The following two propositions shall be clarifying, 
which proofs are located in Appendix A for the sake of streamlined presentation. 

Proposition 2.1. Anyr\ G'^[[ti]Y'^\ satisfying 



Kti = 0, 
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can be expressed as 

'ri=f{x)+KX, 
for certain pair ix,'k)GH[[n]Y'^\e'^[[n]y'^\-^ such that 

KX= 0. 

Letix'X) e be any other pair satisfying^ = f(x') + KV. Then 

there is certain pair (y, i^) e ®'£[[n]]^'^^-^ such that 

x' — X = Ky, 
X'->- = f(y)+Ki;, 

Proposition 2.2. A joa/r {x,X} e H[[^]]W W-i 5afj5/ze5 

f[x)=KX 

if and only if there is a pair ^y,'^^ © '^[[^]]W^^ such that 

x = Ky, 

?. = f(y) + Ki;. 
Combining the above two propositions, we have 

Lemma2.1. The structures [H[[tl]],K) and ['^[[h]],K) of QFT complex on H and , 
respectively, are quasi-isomorphic (viaf) also as cochain complex overk[[fl]]. 

Remark 2.3. Why didn't we define cohomology of a QFT complex ("i^ii^]], K), which 
is automatically a cochain complex over Ik[[^]], by the standard one? There are at least 
three reasons not to do that. One reason is that the natural automorphism on 
does not fix K so that K -cohomology may not have intrinsic meaning for our pur- 
pose. Another reason is that we can hardly expect the K-cohomology group is free 
k[[^]]-module in general, while both and '^[[^]] are free. The final and per- 

haps the most important reason for us is that we are loosing some crucial informa- 
tion, encoded by k, by taking K-cohomology. It may be plausible that the totality of 
free resolutions of the K-cohomology module may recover the lost information, while 
the on-shell QFT complex ('i^[[^]],K) could be "the best" model. 
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The purposes of propositions 2.1 and 2.2 are for more tlian lemma 2.1. Consider, for 
example, proposition 2.1. Note that its classical limit is completely standard. Let r] G 
'g'l'Jl satisfying Qr] = 0. Then there is certain pair [x, A) G //I'Jl ® 'g'I'Ji-i such that 

r] = nx) + QA. 

Let (x', A') e //I'^l © 'g'l'''"^ is any other pair satisfying r] = f{x']+QX' then there is a pair 
iy, G ® <g'l'^l-2 such that 

- X = 0, 
A'-A = /(y) + QC, 

since K\n=o = 0. The above statements mean, simply, that x = [rj] = [f{x)] (unique- 
ness), while the space of ambiguities of A is Ker Q, which has a decomposition Im / ® 
Im Q. And there is no "correlation" between the (zero) ambiguity of x and the am- 
biguity of A. The situation is rather different in general. The ambiguities of x and 
% are correlated and the space of ambiguities of % is not necessarily Ker K, since 
K (X' - X) = f (ky) 7^ in general. Such correlation vanishes if k = 0. 

Corollary 2.1. Let k = 0. Then any tq e satisfying Kiq = can be written as 

r\ = f(x) -I- for unique x G .?/[[/?]] and some g "(^[[f?]], which is defined modulo 
KerK. 

Proof. Proposition 2.1 with K = 0. □ 

Corollary 2.2. Let k = and letffx) = KX. Thenx= and KX, = 0. 
Proof Proposition 2.2 with k = 0. □ 

Finally we state a simple proposition, which deserve some attention. 
Proposition 2.3. Let k = 0. Assume that we have the following type of equality 

= KX, 

where t\ g <ig'[[^]]l^l and'k g <g'[[^]]l^l-i. Then there exist some g '^[[H]] such that 
Ti = K^. 
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Proof. From the classical limit we have QA = 0. Hence, A = /{[A]) + Qg for some g e 
It follows that the expression % - f ([A]) — is divisible by fl. Define 

^■.= 'k-f{W]-Kg 

so that ^ e Applying K to the above we obtain that ^K^ = KX. Hence we 

have = HK'S^, which is equivalent to M = K^. □ 

Remark 2.4. We should emphasize that the condition flr\ = KX does not necessarily 
implies that iri = for some ^ e '^[[^]]. since the obvious candidate ^ = -^X may 
not belong to '^^[[^]] - X may not be divisible by h in ^(^[[^]]. The notion of QFT com- 
plex and the condition divisibility by H shall plays prominent roles in developing our 
theory. 

2.2. Observable, QFT Cycle and Quantum Expectation Value 

Definition 2.5. An observable x is an element of H such thatKx = 0, i.e., k^^^x = Ofor 
^£ = 1,2,3, 

Let jc G ff be an observable. Then Q/(jc) = 0, where fix] G S^'*' and the Q-cohomology 
class [fix)] of fix) is x. We say fix) a classical representative of the observable x. Then 
theorem 2.1 means that f(x) = /(x) + ^/(i)(x) + ••• € satisfies Kf(x) = 0. We 

say f{x) a quantum representative of the observable x. Now consider an element ye// 
such that Ky ^ 0. We still have Qfiy) = 0, while theorem 2.1 means that fi-correction 
to fiy ) such that it is annihilated by K does not exist. We say QFT complex is anomaly- 
free if K = on its cohomology. We call an element y e //with Ky 7^ an invisible. Note 
that observable and invisible are indistinguishable in the classical limit. The existence 
of invisibles shall be identified with that of fundamental quantum symmetry in a se- 
quel. 

Definition 2.6. A QFT cycle of dimension N for a QFT complex i'iS[[fi]],K] is a se- 
quence c = c^"^ + ^c^^^ -I- flc^^^ H — ofk-linear maps c^^\ i = 0,l,2,---, on into k of 
ghost number -N parametrized by fl satisfying 

cK = 0. 

Two QFT cycles c, c' of dimension N are quantum homotopic if there is a sequence r = 
^(0) _|_ ^ ^(1) _|_ ^2 ^(2) _| — ofk-linear maps r^^\ I = 0,1, 2,---, on^ into k of ghost number 
-N - 1 parametrized by H such that c' - c = rK. 
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Remark 2.5. Note that the ghost number of k and k[[fl]] is concentrated zero. Hence 
the sequence maps c^''^ c^^^, • • • should be zero maps on for j ^ N. 

We recall that theorem 2. 1 gives a sequence f := /+ fif^^^ + Ti^P^^ H — of k-linear maps 
parametrized by ^ on into "i^ defined up to quantum homotopy satisfying K f = f k. 
We can compose the map f, regarded as a k[[^]]-Iinear map on //[[^]] into 
with the map c := c^''^ + tlc'-^^ + H^c^'^^ H — , regarded as a k[[^]]-linear map on '^[[^]] 
into k[[^]], to obtain a sequence^ 



of k-linear maps parametrized hy fl onH into k such that t("5 — X"=o c'"^'^'/''^'. The 
ambiguity of i due to the ambiguities of f and c up to quantum homotopy, f~f = 
f-l- Ks + skand c~c' = c + rK, is i' - 1 = cT - cf = (cs + rf+r Ks)k. 

Definition 2.7. Letx ^Hbean observable. The quantum expectation value of the ob- 
servable x is i(jc) := cf(x), which is a quantum homotopy invariant. 

2.3. BVQFT Algebra and BVQFT 

Now we turn to BV QFT algebra and BV QFT, which notions were motivated by the 
celebrated Batalin-Vilkovisky quantization scheme [13]. Let • ) be a Z- graded k- 
vector space with a bilinear product • of ghost number zero. Then there is a canonical 
k[[^]] -bilinear product on '^[[^]], denoted by the same notation •, induced from ^ by 
^-adic continuity, i.e.. 



Definition 2.8. A BV QFT algebra (with unit I) is a triple {'^€[[h]\, K, • ), where the 
pair {^[[fl]], K) is QFT complex and the bilinear product- is graded-commutative and 
associative such that 

- quantum unit: Kl = andl-a. = a.foralla.&'^[[tl]]. 

- H-condition: the failure of K being a derivation of the product ■ is divisible by ti and 
the binary operation measuring the failure is a derivation of the product. 

^ The composition symbol is omitted throughout this paper. 



i:=X 



f=t(0) + ^t(l) + ^2^(2) + ... 



00 




i+j=n 
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From the ?z-condition, it is convenient to introduce a Ik[[^]] -bilinear map 

called BV bracket by the formula 

-n(-l)l*l(a,b)^ := K(a-b)- Ka-b-(-l)l^la- Kb. (2.1) 

Then, by definition, the bracket is a (graded) derivation of the product (Poisson-lav\f) 

(a, b ■ c)^ = (a,b)n • c + (-ijd'^l+Dlblb • (a, ch, (2.2) 

and the unit 1 is in its center. It follows that the bracket satisfies the graded commu- 
tativity and the graded Jacobi- identity such that K is a derivation of it: 

(a,b), = -(-l)(l»l+«lb|+i)(b,a)„ 
(a, (b,c),), = ((a,b),c), + (-l)(l''l+iXlbl+i)(b, (a,c),)„ (2.3) 
K(a,b)^ = (Ka,b)^ + (-l)l«l+i(a, Kb)^. 

We call the triple 

the quantum descendant algebra (of the the BV QFT algebra). 

Remark 2.6. Note that (,)?? = (,) + ^( , )(^' + tl{ , )P) -\ — is a sequence of k-bilinear 
maps, parametrized by ^, on (8> into . Strictly speaking the traditional BV bracket 
does not depends on fl. In the previous paper we have abused notation by not distin- 
guishing ( , )% with its classical limit ( , ). 

Remark 2. 7. The ^-condition in the definition of BV QFT algebra can be relaxed such 
that the failure of the binary operation being a derivation of the product is divisible 
by f^, the failure of the resulting ternary operation being a derivation of the prod- 
uct is divisible by Jv", to be repeated ad infinitum. Such QFT algebra may be called 
(graded) -commutative binary QFT algebra and a similar story as in this paper can 
be developed. It is just another (not-general) example of QFT algebra, which may be 
studied elsewhere. For us two of the essential properties of general QFT algebra are 
that the underlying QFT complex and its interplay with additional algebraic structure 
with the compatibility stated in term of sequences of divisibility condition by U. 

By definition the classical limit Q of K satisfies = and is a derivation of the prod- 
uct, i.e., Q{a-h) = Qa-b+{-l)\''\a-Qb. Also Ql = 0. Thus the classical limit {'g,Q, •) of a 
BV QFT algebra is a differential graded commutative and associative algebra (CDGA) 
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over k with unit 1. It also follows that the classical limit ('t^',Q, ( , )) of the descen- 
dant algebra is a DGOLA over k.* Hence the quadruple {'^,Q,-,i, )) is a differential 
0-algebra since the bracket is a derivation of the product. The cohomology H of C^yQ) 
is also the cohomology of the CDGA and the DGOLA as well as the BV QFT algebra. BV 
QFT algebra is also defined up to natural automorphism on "^[[fl]], which fix all the 
classical limits. 

Observables of a BV QFT algebra are the observables in its QFT complex, elements in 
H annihilated by k = Hk^^^ + H^k^^^ H — . From the quantum unity Kl = Ql = 0, in the 
definition of BV QFT algebra, there is a distinguished element e gH^ corresponding 
to the cohomology class [1] of the unit 1 such that Kg = 0. It is natural to fix / and its 
extension f to a morphism of QFT complex such that fie) = f[e) = 1, the unit in 

Definition 2.9. A BV QFT with ghost number anomaly N &Z is a BV QFT algebra (with 
unit 1 ) together with a QFT cycle c = c^^ + flc^^^ H — of dimension N. 

We call the quantum expectation value cf(e) = c(l) € k[[Tl]] of e G //" the partition 
function Z of BV QFT. It follows that the partition function vanishes unless AT = 0. 
We may consider a class of BV QFT with vanishing ghost number anomaly such that 
c(l)|^^o = c^'^Kl] 7^ 0. Then the quantum expectation values can be normalized by 
multiplying Z~^. Such a theory is called unital BV QFT, with the normalization being 
understood. 

Definition 2. 1 0. An unital BV QFT is a BV QFT algebra ( with unit I) together with a 
QFT cycle c = c*^") + h&^^ H — with dimension N = such that c(l) = 1 e k. 

From now on we are going to adopt the time honored notation for expectation value 
such that, for Vx G H, 

(C[x)) = cf(x), 

where f(x) e We emphasize that the expectation value (f(x)) depends only 

on the quantum homotopy class of the QFT cycle c if and only if k(x) — 0. We also 
emphasis that the condition k(x) = implies that Kf(x) = and the expectation value 
(f(a)) depends only on the quantum homotopy class of f. 

Remark 2.8. It is perhaps useful to tweak the notation as follows. Let O G "i^ be such 
that QO = 0, then O = /([O]) up to homotopy QA for some Ag^. Assume that k[0] = 

In our convention, a DGOLA Q, ( , is a differential graded edgebra after shifting the ghost num- 
ber by —1. 
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0. Set O = f([0]) e "^[[tl]] up to quantum homotopy KA for some A e 't^HH]]. Then 
KO =Oand 

(0) = (0 + KA), 

since ( KA) = cKA = 0. The variation of the QFT cycle c preserving its quantum homo- 
topy class correspond to homologous deformation of Lagrangian subspace on where 
the BV-Feynman path integral is defined in the BV quantization scheme. 



3. Statement of the Main Theorem and Its Consequences 

Fix a BV QFT algebra (with unit 1) ('ig'[[^]],K, • ) with quantum descendant algebra 
K>( > )n) andlet ('ig',Q, • ) and('i^,Q,(, )), respectively, be their classical lim- 
its. In this paper we consider the case that (i) the cohomology H is finite-dimensional 
for each ghost number and (ii) k = on //. 

From the assumption (i), it is convenient to introduce a homogeneous basis [ea] of 
H. Define a k-linear map / : H — > of ghost number by choosing a representative 
Oa of each ea^H such that 

i.e., QOa = and the Q-cohomoIogy class [Oa] of Oa is ea. Then Qf = 0. It is convenient 
to fix a basis [ea] of H such that one of its component, say eg, is the distinguished 
element e G i.e., 

/(eo) = Oo = l. 

It follows that / is a quasi-isomorphism of cochain complexes / : iH,0) — > C^yQ), 
which induces the identity map on H. The graded- commutative and associative prod- 
uct 1712 : H^H — > H of ghost number on H can be specified structure constants 

mays'' ek: 

m2iea,ep) = map^ey. 

satisfying 

- graded symmetry: m^^'' = (— Ijl^H^lm^a'', 

- associativity: rriapP tripy'^ = mpy^ niap^ , 

- identity: mop^ = 5pT^. 



At the cochain level, we have 

fiea) ■ fiep ) = fimzica, ep )) + KXiiea, ep), 



(3.1) 
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where A2 : H®H — » 'if is a k-bilinear map of ghost number 1. That is, / is a DGA map 
/ : [H, 0, 7712) — » C^, Q, • ) up to homotopy. 

Let fif = {f"} be the dual basis of H* such that + |eal = 0> which is an affine coor- 
dinates system on H with a distinguished coordinate t^. We denote {5a = d/dt"] be 
the corresponding formal partial derivatives acting on k[[?H]] as derivations. To save 
notation we replace (-l)!*^"! = = (-l)|o«l =(-l)|0|« by(-l)l«l. We shall also use 

notation f« for f« and 4 = d/dt'^. 

From the assumption (ii) and theorem 2.1, we have a sequence f= / + ^/^^^ H — of Ik- 
linear maps on H into "iS, parametrized by fl, of ghost number zero such that Kf = 0. 
The image of g of the map f will be denoted by Oa- 

f(e„) =0a = 0a+ no<^^ + n'o<^^^ + - € nm]^'-^ 

such that KOa = and 

f(eo)=Oo = l. 

We use the following terminology: Oa is a classical representative of the observable ea, 
Oa is a quantum representative of the observable ea, Oa is the classical limit 0^]^^^ 
of Oa, and is the quantization of Oa with respect to the quantization map f. 

Theorem 3.1 . There is the structure ofk [[tn]] -algebra on //(8)lk[ [ tn] ] defined by a formal 
power seriesZ-tensor Apj"^ elk[[fH]], which satisfies 

- graded symmetricity: 

daAp,^ = {-\rmgpAar'', 

- associativity: 

- identity: 

- The homogeneity: 

\ep\tP dpAap^ = {\ey\-\ep\-\ea\)AapL 

And, there is a distinguished solution Q oftheMaurer-Cartan equation 

K0+ 1(0,0)^=0, 
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where 

oo -. 

0= r 0„ + y - 0„,..„„ e <^[[rH,^]]0, 

which satisfies 

1. quantum master equation: 

forsomeXpy^ in quantum gauge. 

2. quantum unity: do& = 1. 

Remark 3.1. The quantum gauge condition for A^^ shall be stated later. 

Remark 3.2. The Maurer-Cartan equation K0 + ^(0,0);^ = is called quantum de- 
scendant equation, which is an automatic consequence of the quantum master equa- 
tion. We remark that the quantum descendant equation is the Batalin-Vilkovisky quan- 
tum master equation for a family of QFT. 

The quantum master equation together with the unity should be regraded as a sys- 
tem of formal differential equations for G '^[[tH,fi]]^, Aap^ € Ik[[fH]] and \ap G 
with the initial condition that = r«f(ea) mod t^, where f(ea) = Oa 
and {{eo) = l. The theorem claims that the only obstruction to solve the quantum mas- 
ter equation with the unity is k = tlK^^^+tl'^K^'^^+--- on //, which vanishes in the present 
case. 

This is illustrated for the 1st order solution in the following example. 

Example 3.1. To begin with, consider the quantum master equation modulo tn- 

nOap = Oa-Op-map^Or-Ki.a(! (3.2) 

where Oap — dadpQ mod tn, map^ = Aap'^ mod tn and "kap = A„^ mod tu are un- 
knowns. Then we have the following consistency conditions for (3.2): 

(1) classical limit: 

Oa-Op = map'^Oy + QXap , 

(2) graded commutativity of the product •: 
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(3) unity: 

Op = mop + QAo/3 , Oa = mao'''0^ + Q?laO ■ 

For (1), we note that Oa-Op^ Ker Q since QOa = and Q is a derivation of the product. 
Hence Oa • Op can be expressed as map'^'O^ + Q/\.ap for unique map^ and for some 
Xap e <^l°l+l^l-i modulo Ker Q. From (2) and (3), we conclude that 

map' - mpa' = 0, mop' = 5pr, 

as well as Q {^Xap - (— l)'""^'A/ia) = and Q^op = Q^ao = 0- For ^ap> we may choose 
them, without loss of generality, to be graded-symmetric, Xap = (— l)'""^'AySa, and sat- 
isfy Aoa = 0. Let Xap = ^ap such that 

Kp = i-lP^^^'^pa, ^op=0. (3.3) 

Then the expression Lap = Oa-Op-map^O^-K'kap is divisible by ^ and graded sym- 
metric. It also satisfies that Loys = Lao = 0. Once we define Oap ■= ^^ap ^ '^[[^]]'"'"'"'^', 
Oap is graded symmetric Oap = Opa and satisfies Oo^g = 0. Hence we have 

just solved the modulo tn quantum master equation (3.2) by setting = f"Oa -|- 
^tPt"Oap mod tfjyAap"^ = map^ mod tn &nd\ap ='kap mod such that the quan- 
tum identity modulo is satisfied: 

^0 = 1 mod t^, 

and 

Aapr-i-ir\\P\Apa' = OmodtH. 

For the quantum descendent equation, apply K to the modulo tn quantum master 
equation (3.2) to have KOap = —^(-1)'"' (Oa, Oys)^, which implies, together with the 
initial condition KOa = 0, that 

K0+^(0,0)^ = OOTorf tfj. 

Hence we have the quantum descendent equation modulo tfj. 

The above, perhaps, is not enough as the example for demonstration of our method 
of solving quantum master equation modulo for general n>2. Here comes a step 
by step description of our solution modulo tfj featuring general behavior for higher n. 
Most of necessary propositions shall be stated as claims, referring to the actual proof 
in Sect. 4. The following example is useful for pedagogical purpose but some readers 
may want to skip it in the first reading. 
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Example 3.2. Now we consider the quantum master equation modulo tfj, which is eq. 
(3.2) and 

fiOaPr =CaPr- ^ap/ Op - K%,aPr' (3.4) 
where Oapy = dadpdyQ mod tn, mapyf, and 'kapy are unknowns, while the expres- 
sion Capy is determined by the previous data O^, Oap>tnap^,'kap as follows: 

Capr ■■= Oap ■ Oy + {-lp^^^Op ■ Oar-mpyPQap - {Oa,'kpr)n- 

The consistency of (3.4) in the classical limit requires that the classical limit Capy of 
Capy satisfies QCapy = (see claim (1) below) such that 

Capr = mapyPOp+ QXapy (3.5) 

for unique ruapyP and some Xapy e <g'l«l+l^l+lrl-i defined modulo Ker Q. Note also that 

Copy= CaOy = Capo = 0, Ca/Sr = (~1)'^"''' Car/3 • 

Hence, we have 

mQpyPOp + QXQpy = maQyPOp+QXaQy = mapQPOp+QXapQ = 0, 

[mapyP -i-lf^^^^maypP) Op = -Q[?.ap/-i-lf^^'^Krp) ■ 

Another consistency condition is that the RHS of (3.4) should be graded symmetric 
for the all 3 indices a,p,Y since Oapy has such property. 

We claim that 

Claim (1). KC apY = fl^apr> where 

Vapr ■■= -(-1)'"' {(Oa, Opy)n + i-lfKOap, Oy)n - i-i)M+mp\+i\o ^ ^ o«,),} , 
so that QCapy = 0. 

Claim (2). KN„^^ + (m^/map'^ -(-l)l«ll^lma/m^p -^j = -nC[ays]r> where 
C[ap]r -Capr-i-lP^^^Cpay, 

T^apr ■=mpyP %ap - i-ir^ may" %pp + (-1)" Oa • %py - i-lfP+P Op . %„y. 

From the classical limit QATa^^ + {mpyP map'^ — {-l]^"^'^^^mayP mpp'^^ 0„ = of claim 
(2) we conclude that 

mpyPmap" -i-lf^^f^^mayPmpp'' = 0. 
Hence claim (2) reduce to 

Actually we have a stronger result: 
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Claim (3). There exist some t^apr ^ ''^[[^l]'"'''''^'''''^' ^ satisfying C[a^]^ = K^^apr ^^'^ 
such that the classical limit ^apr of %apr is 

From the above claim we have {jUapyP -(— l)'""^'w^ar^) Op ~ ^- Hence, together 
with (3.6) we deduce that 

mapr" ={-lP^^^mparP ={-lf^^'^marp, mop/ =0 

and 

^aPr=i~^i^^^^^^arP> ^opy — '^aOr =^apo — 0. 

From claim (3), the expression - (A^^^ - (-l)'""^'A^ar) divisible by Ti so that 
we can define ^apr e by the formula 

n^apr ■■= %apr - [Kpr - (-l)'""^'A;3ar) • 

Define 

Kpr ■=^apr - 3 (napr + i-'^i^^^^^narp) > 
such that ^a/8r l^^o ~ ^aPr- Then, from claim (3), we obtain that 

Vr-(-l)'^"'''V/8 = 0, (3.7) 

Kpr-i-iP^^%ar = %apr- 

We refer the above choice for 'kapr together with the previous choice (3.3) for Pi^p 
"quantum gauge" (see the forthcoming remark). 

Now consider the expression Lapr •= C^^j- — mapyP O - Kkapr- Then (i) Lapj is di- 
visible by Tl, (ii) Lapf is graded symmetric for the aU 3 indices a,p,j, (iii) L^^o = 0. 
Hence we can define Oapj '■= jj^^apy i-^v 

flOaPr = Capr - mapy^ O - Kkapy 

such that Oa^^ = (-l)l«II^IO^ar = (-l)'^"'''0ar;8 and Oapo = 0. From claim (1), it also 
follows that 

KO„^, = -(-lfl{(Oa,0^,), + (-lfl(Oa^,0,),-(-l/l«™l+i)(0^,0 
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Let 

:= t« + 1 f ^ f« 0„^ + ^ r'' t"Oapr mod t^, 
ApY^ •= nifijP + t"ma/3y^ mod tjj, 
:= Xap + t^'kapf mod t^. 
Then we just have solved the quantum master equation modulo f^: 

^5^5^0 = 5y30-5j.0j.-A^j.^Op + KAa^^ + (^0,Aa^j-j^ mod t^, 

such that 

^0© = 1 mod t^, 



and 



K0 + ^(0,0)^ = mod tfj. 

ApjP - {-ijP^'^'^^AjpP = mod tl, 
daAp/ -{-Ip^l^^dpAa/ =0 mod tn, 
Ap/Aaa^ -{-IP^f^^Aar^'Abaf =0 mod tH. 

Remark 3.3. The choice (3.3) we have made for \ap = 'kap mod tn and the choices 
(3.3) and (3.7) for Apj- = Xpy + t"XaPr mod tn are what we call "quantum gauge". In 
this paper the quantum gauge is merely a convenient choice of Aap in solving quan- 
tum master equation and its full meaning is the subject of the next paper in this series. 
To explain the quantum gauge in more details, let's sketch a proof of claim (3) in ex- 
ample 3.2. Consider the expression fiapr ™ claim (2). We note that 

No/Sr = NaOr = Na/SO=0, 

Na/Sr + (-l)'""^'N;Sar = 0, (3.8) 
Na/sr -(-l)'^"'''Nar^ +(-l)l«lfl^W''I^N^,„ = 0. 

As a corollary of claim (2) we have obtained that KNap^ = —TiM[ap]Y, which implies 
that QNapy = 0, where Napy is the classical limit of N^^^ given by 

Napr •■= mpyPXap - (-1)"^ mayPXpp + {-iTOa ■ Xpy - {-VfP+POp ■ Xay. 

Hence we have 

Napr = nap/Oy + Qxapy, (3.9) 
for unique napyP e k and some Xapr ^ <g'l«l+l^l+lrl-2 defined modulo Ker Q. From (3.8) 
we deduce that 

nopr = naoy = tiapo = 0, 
naPr + i-lP^^^npay = Q, 
na;3r-(-l)'^"'''«ar/;+(-l)l"l^l^l+l''l^n/Jra = 0, 
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and we can make a choice for Xap^ such that 

From (3.9), we deduce that the expression N^^^ - riapyP — KXapy is divisible by fl, 
so that we define £^apr ^ '^[[tl]]\''^+\P\+\r\-i by the formula 

fl'^apr •= ^aPr ~ ^aPr'^ - KXaPf, 

and all the properties of i^aPr listed in claim (3) follows. Then, from the 3rd relation in 
(3.7), we have H {%apr - (-l)'""^'^/8ar) = ^apr - ^apr'^ - Kxapy. More explicitly 
we have 

+(-if o„-v-(-i)"^^^o^-V 

— napy'^ Oy — KXapy 

Now consider the definition \py — "kap + t'^'kapr fnod tfj. Then quantum gauge con- 
ditions (3.3) and (3.7) are summarized as follows 

Apo =0 mod tfj, 

J^a.ar =(-1)'"^""^'A„,„, mod tfj, 

SdApf =0 mod tn, 

- {-IpdaQ ■ Apr + (-l)l"ll^l+l^l5^0 • 

— BapY^dpQ - KXapY - i^>^aPr]n 
mod tn, 



where Bapyf = riapx^ mod tn and Xapy = Xapy mod tu- In general we are going to 
solve the quantum master equation with quantum gauge choice for Aap, which is the 

f2 ( 



above condition without modulo tl, or tH- 



Remark 3.4. We note that there is some ambiguity in solutions for and Aap . There 
are two sources of ambiguity. With the fixed initial condition = t"f(ea) mod tn, 
namely the quantization map f, — Aap mod f/^ is not uniquely determined, which 
effects Oap v^Q= t'^Oa + \tP f^Oap mod tf^ etc. We may also vary the initial condi- 
tion within the same quantum homotopy class f ~ f = f-|- Ks such that f (eo) = f(eo) = 
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1. Hence the above theorem does not necessarily imply that the 3-tensor j4a/8^ is inde- 
pendent of those ambiguities. We claim, however, that every possible ambiguity does 
not effect the the 3-tensor A^^'': this claim implies that quantum correlation functions 
are quantum homotopy invariants. We shall need to introduce notion of quantum de- 
scendant homotopy, which deserves a separate consideration to appear elsewhere, to 
establish the above claim. 

Remark 3.5. Consider the coefficients of expansion ofAap''' at tn = 0: 



The two conditions for graded symmetry of Aap^, then, imply that may -a J is to- 
tally graded symmetric for all the lower indices for all n = 2,3,---. Hence there is a 
sequence m2,m^,mi,--- of graded symmetric products of ghost number zero on H, 
m„ : S"H H, such that m„{eai,--- ,ea„) = ^ar-aj ■ The identity Aq^'' = dpr imply 
that m2(eo. ea) — Sa and mn{eo, ea2,--- , ^a„_i) — for all n = 3,4,5, A similar struc- 
ture on H was discussed in section 4 of the previous paper [1] with a different presen- 
tation of quantum master equation. Once the claim in remark 3.4 is established it is 
trivial to show that those two structures is identical. What was not clear in the previous 
paper is the associativity (an easy part of proof in this paper) of the Aap''' summariz- 
ing an infinite sequence of relations among the sequence m2, ma , m4, • • • of multilinear 
products. The solution in the pervious paper is suffice to determine quantum correla- 
tion functions. The new solution in this paper with quantum gauge is a preparation to 
define and study homotopy quantum correlation functions in the forthcoming paper. 



3. 1 . Quantum coordinates and linear pencil of torsion-free flat connection on M . 



One of the immediate consequence of our main result is that that the classical limit 
ofO, i.e.,0 = 0|/,=o: 



where Oax-an — Oai ■«„ |f_o' is ^ distinguished versal solution to the Maurer-Cartan 
equation of the classical limit {^,QX, )) of the quantum descendant DGOLA: 




p 



P1.P2 




n=2 




(3.10) 
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- It is a versal solution since the cohomology classes of [Oa] form a basis of H - the 
cohomology of the complex (1^,Q). It follows that the natural extended moduli 
space ^ of solutions modulo the natural equivalence is smooth - minimal Lqo- 
structure on H is trivial and is quasi-isomorphic to the DGOLA ["^^ ,Q, [•,•]) as an 
L(x)-algebra. (See [14] for a comprehensive and lucid introduction of Loo-algebra 
and morphism and references therein.) 

- It is a distinguished solution since not every versal solution of (3.10) arises as the 
classical limit of solution of quantum master equation, i.e., the special solution to 

the quantum descendant equation. Equivalently it is a distinguished quasi-isomorphism 
of Loo -algebras. 

Any versal solution to (3.10) identify ^ with the affine space H with the affine coordi- 
nates tH = {t"} and give a coordinates system on We call the coordinates system 
on ^ induced by the distinguished solution quantum coordinates on ^ (around 
the base point of To the tangent space to our distinguished solution induces 
a linear pencil of connection V/i = -Hd+A, where d := dt"-j^ di\\A\A\p'( := dt^Aap^, 
which is torsion-free, Ap^'^ = {-Ip^MA^p'^, and flat V| = 0: 

dApr^ApPApr = 0, 

by combining the graded symmetricity and the associativity relation. 

Remark 3.6. The MC equation (3.10) implies that Q© ■.= Q + [0, ) satisfies Q| = 0, the 
Jacobi-identity for the bracket ( , ) implies that Qq is a derivation of the bracket. Thus 
we have a distinguished family ("i^ [[?//]], Qe, ( , )) of DGLAs . Furthermore the super- 
Poisson law implies that is a derivation of the product. Thus the quadruple 

M[tH]],Qe, -,{,)) 

is a differential 0-algebra. Applying ^ to the MC equation (3.10), we obtain that 

Q0a + i0,0a) = O <=^ Q00a = O. 

where 0a := da0a- In AppendiKB, we shall establish that {©„} is a set of representative 
of a basis of the cohomology Sj of the cochain complex i'^[[tH]]yQe) such that 

0a-0p=AapWy + QeAap, (3.11) 

for unique 3-tensory4(;(^'' ink[[rH]] and for some Aap G which is de- 

fined modulo Ker Qg. Then, the graded commutativity and the associativity of the 
product • imply thati^ is a super-commutative and associative Ik[[fH]] -algebra with the 
structure "constants" AapT^, that is, AapT^ = (-Ijl^H^U^sar and AapPApy"' =ApyPAap'^. 
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Note that (3.11) is the classical limit of the quantum master equation. Forgotten its 
quantum origin the potentiality daApy"' - (— I)l"ll^l5^i4a^°' = is obscured. 

Remark 3. 7. Note that we can repeat the similar story as the above remark for an ar- 
bitrary versal solution 0' = t"0'^ + ltPt''0'^p + --- to (3.10) such that {Cyj is an an- 
other set of representative of the same basis {ea] of the cohomology H. Then the re- 
sult proved in Appendix B does not necessarily imply that we have the same 3-tensor 
Aa/}^. It only implies that there is unique 3-tensor A^^'' with respect to the solution & 
such that 

0'a-0'p-Kp'0'r + QBKp' (3-12) 
for some A'^^ e which is defined modulo Ker Qe'. The only relation 

between Aap'"' and A'^pi' is that A'^^i' = Aap^ = map''' mod tn- It can be, actually, 
shown that the difference between Aap'^ and A'^pS in higher order is arbitrary (see 
the next remark). Note also that the associativity and the commutativity of the prod- 
uct • do imply that A'^^r ^ [-i)\aW\A'^j and A'^pPA'p^'' = A'^^pA'^^'^, whUe there is 
absolutely no reason to expect that daA'p^"' - i-l)^''^^P^dpA'^^°' = 0. 

Remark 3.8. Here is a brief comparison: Modulo tn, (3.12) is 

0'a-0'p = myo'^ + QX'^p (3.13) 

where A^^ is defined modulo ^'^^ satisfying Q^ap — 0- Modulo tfj, (3.12) is the above 
equation together with the following 

O'ap ■ o; + (-l)l«ll^lo; • O'p^ - m'p/0'^^ - (O;, A^^) = m'^p/0'^ + QA^^^ (3.14) 

where A^^^ is defined modulo f^^^ satisfying Q?;^^ + (-l)l«l (O^, <^'^^) = 0. Then the 
only content of proposition B. 1 to this order is that the cohomology class of the LHS of 
(3.14), thus the structure constant m'^^^"', does not depend on the ambiguity of A^^. 
Now we compare (3.11) with (3.12) for the leading two terms. In general differs 
firom Oa at most by QA^ for some Aa G 'g'l"!-!. It foUows that [O^ •0p] = [0a-0p] such 
that majs'' = fn'^pT. For simplicity set = Oa. Let, for example, O^^ = Oap + bap^Oy, 
where } is arbitrary. Then 0' = t"Oa + \tP ^'^^ap solves the MC equation 

(3.10) modulo tfj since = f^C/^ + \tPt'^Oap mod tfj does. On the other hand, the 
LHS of (3.14) is 

O'ap ■ O; + (-l)0; • O'p^ - m'p/0'^^ - iO'^Xp,] 

=Capr + [bapP nip^^i-lt^^P^bp^P map" - mp/bap'')Oa mod ImQ, 
where Capj = Oap ■0j+{-\)0a-0pY — mpjP0ap —{Oa,^pj] such that the word-length 2 
in tH term of (3.11) is Capj = mapj'^Ocr+Q^aPr- Hence the difference between mapj"^ 
and fn'^p j^ is arbitrary. 
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3.2. Quantum coordinates and generating function of quantum correlations for the 
family 

Consider the solution = f " Oa + 1 0^^ H — of quantum master equation, which 
implies that also solve the quantum descendant equation K0 + 1 (0, 0) ^ = 0. Note 
that quantum descendant equation is equivalent to 

Kg-0/ft = o, (3.15) 

due to the identity fi^g®/^ Kg-®/'' = K0+i(0,0);j. Define naj...„„ g S^[[fH,^]]l"'l+'"+l""l 
for Vm = 1, 2, • • • by the formula 

Jlar-a„=i-firdar-da„e-^'^ (3.16) 

Then quantum descendant equation (3.15) implies that 

KeUa,...a„=0, (3.17) 
due to the identity that -Tle^^^K (Vg-®/'^) = Ke Y for any Y ^"^[[tn, fl]]: 

K (y • = e-^^*[KY + i0, Y)^) +(-1)1^1 Y • Ke'^^^ 

= e-®/''(KY + (0,Y)^), 

where we used the definition of (2.1) for the first equality and the quantum descen- 
dant equation for the second equality. We also have Hq = 1 and noai...a„ = ^ai-a„ for 
all V« > 1, due to the quantum identity ^0 = 1. 

We call Uai-a„ quantum « -point correlators of the family (of BV QFT parametrized by 
^ in quantum coordinates). Note that 

Ha =da0, 
^ap =8a& ■ dpQ - fldadpQ, 

liapr =^a® • • ^r® - fiSaSpQ • dyQ - ndaQ ■ dpdjQ - ^(-l)!""^!^^© • dad^Q 

etc. 

We recall, from [1], that a solution of the quantum master equation was used to 
define generation function of quantum correlators of the initial theory by the formula 

00 1 f 1 00 f 1 "\n 

^-m = 1 +^ _l_^0n = e n[tH]mf, (3.18) 

n=l ' n=l 
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where the sequence Hi, • • • is defined by matching the word-lengths in tn- Then il„ 
generates « -point quantum correlators of the initial theory: 

n„ = -^f""-f"^ where Ji„,..„„ e 

such that Knar-a„ = and naya„\fi^Q = Oai---Oa„. We observe, from the definition 
in (3.16), that 

J^ai-a„ =nai-a„|f^^O' (3.19) 

Fix a QFT cycle c of dimension N and denote c(a) = (a) . The generating functional 
2£{tH) of quantum correlation functions of the initial theory was defined by the for- 
mula 

such that an arbitrary « -point correlation function ( Jiai-an ) is obtained as follows: 
( Jlay-an ) = i-nr da,- da„ ^(^h)! ,=o^ 

Remark that 3f is a formal power series in tn and formal Laurent series in H. 

Now we introduce the notion of quantum correlation function for the family. We use 
the notation ( Y ) for any Y e 'tf [ [ f^, ^] ] such that 

(Y),„ = (Y..-«/^):=(Y>+|;^(Y.n„). 

Remark that ( Y ) ^ ^ is a formal Laurent series fl , while ( Y ) ^^^q = ( Y ) is a formal power 
series fl. Then ( K0S) = for all S e "g" [ [ fn, ^] ] since 

°° , C— 1 "I" 

( KeB . e-^l^) ^ ( K (s • e'^/^) } := ( KS) + ^ ( K (B • ) = 0. 

We define «-point quantum correlation functions in the family by {^avan)tH ^ 
fl = 1, 2, 3, • • • . Then we deduce that 

and 

(nai-a„)f„.0 = ("ai-an)- (3.21) 
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Note that the quantum master equation 

is equivalent to Hays = Aa^TI^ + KqAc^, so that 

(n„^)f,=^a/(n,),^, (3.22) 

which relates quantum 2-point functions to quantum 1 -point correlation functions 
both in the family. For higher correlations, it is useful to consider the following form 
of the quantum master equation: 

[n^dpd^ + HAp/dp) e-^^l^ = K (A„^e-®/^) , (3.23) 

since 

LHS ■.(n^dpdy + nApjP dp ] e'^'^ = e"®/^ [dpQ-dfQ-ndp dyQ - Ap/ 5^0 j , 
RHS-.K [Kape-^"") = e-^'^{K\ap + {Q,\pr)n). 
Similarly, the quantum identity ^0 = 1 is equivalent to 

-n5oe-*'/^ = e-®/^ (3.24) 
Note the relations (3.23) and (3.24) after using ( K {\ape~^^^] ) = imply that 

Lemma 3.1. The generating function 2^ e k[[tH]]((^)) satisfies the following system of 
differential equations: 

f d'^ d \ 

(kalr«^-iv)^=o, 

where N is the dimension of QFT cycle. 

Proof. The first two relations are consequences of (3.23) and (3.24), respectively. The 
last relation is a direct consequence of (Y) = for all Y e with ghost number 

not equals to N. Consider the definition 3f in (3.20): 

^= =<!> +2 1^ X t''"-t''H^ar.-a„), 
n=l ai a„ 
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where we temporarily abandon Einstein summation convention. Tlien tlie relation 
follows from the identity 

and the condition that 

f°«-f«i = 

for I ji„,..„„ I = -Xr=i I f I = XL N. 
□ 

Let {Paia/, Paiazaa'^'""} t)e the sct of infinite sequences in Ik[[fH,^]] defined recur- 
sively with the initial condition Paiaz'^ = -^aiuz^ and, for n = 3, 4, . . ., 

P T — —fi!^ p T-i-V Pa T 

We note that Vaia2-aJ is at most of degree {n — 2) polynomial in H with coefficient in 
k[[?H]]. Note also that Pq^'' = dp"^ and Vaaiar-aJ = Paiaa -a/ for V« > 2. Then 

Lemma 3.2. Any n -point quantum correlation function {llai...a„ ) for n = 2,3,. ..,for 
the family is given by the following formula 



tH 



Proof From the quantum master equation in the form of (3.23): 

n^dpdye-^l^ = -HAp/dpC-^'^ + K (a^^ • e'^^^) .. (3.25) 

as a direct consequence of the quantum master equation. Applying ~hda to the both 
hand sides of (3.25), and using (3.25) one more time, we obtain that 

-n^dadpdye-^^f" = [-ndaApy" +Ap/Aap'') 0a • e-^l^ 

+ K(x„,,..-«/'^), ^'-''^ 

where 

^apr = -K-lt^da^pr + i-lP&a-Hr +Ap/ X„p. 
In general we deduce that, for n = 3, 4, . . ., 

i-nrda,da2-da„e-'>/'' = Pa^aa- -a/Oa • e"*'/'' + K (X„,a,...a„ • e'^/^) , (3.27) 
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where 

P '^ — —fffl p '^-up Pa " 

Xaja2-a„ = ^(~l)''^^'5ai Xaj-an +(~l)'°^'®ai ' Xa2-a„ + ^a^-an^ ^a\p 

with the initial conditions Va^a2^ =Aa^a'J andXa^aj =''^aia2- From (3.16), the relation 
(3.27) is equivalent to 

Har-a/ = Par-a/n^ + K0X„j...„„, (3.28) 
which implies our lemma. □ 



Now set til = Ointhe identity (3.28) and use the conditions that0|^^^jj=Oand0a|^^^p= 
Oa as well as the relation (3.21) to obtain that 

"ai-a„ =Pai...a/Oj. + KXai...a„ (3.29) 

where pa^.-a/ := V a^...aj\^^^^ andxaj...„„ — ^a^-aX^^^- Note thatp„j...„/ elk[[^]] is 
at most of degree (n — 2) polynomial in ^ with coefficients in k. Hence we have 

(nai-a„) =Pai-a/(0^). 

which implies that the set \Aa^~(\ can be used to determine the generating function 
3f completely once we fix every 1-point correlation function (Oq). 



Example 3.3. The first few quantum correlators are 
•=Oa, 

^aia2a3 —^ai^a2^a3 ~ ^^aia2^a3 ~ fi^ai^a2a3 ~ ^" ^' ^aiaa "I" ^ ^aia2a3> 

and, just for fun, 

^aia2a3«4 ~ "2 "3 

- n(-i)i«iii«^i o„, o„,„3 o„, - ^(-l)l«^l(l"^l+l«3l)o„^ o„3 o„,„, - ??(-i)i«^ii«3i o„,«, 

+ ^^0 O +^2r-T|l"2ll«3lr) f) _|_i52c_-|i|ai|(|a2|+|a3l)r) r* 

-i-ti^n o -i-ft2f-ni"iii"2in n _i.ij2f_ii(iaii+ia2i)ia3in n 

+ ^ Oo;jC(2a3 ~ ^ Oaia2«3«4 
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etc. Expand Aap^ = map^ + tP nipap^ + ... we have 



'■aia2a3a4 ' 

etc. 



Combining (3.18) and (3.29), the expression e has the following expansion at tn 
e-m = 1 _ _rro, + 2 i^KxW ^mtHmmi (3.30) 

n=2 

where 



TT — /■''+> J fan fa\„ r 



(3.31) 



andxl"! = ^f"» •■•t'^^'sia^...aj . Note that T'' = mod tfj and a formal power series in 
tn and fl~ , since Pai—un^ most degree n — 2 polynomial in tl. 

We call {T^} the quantum coordinates for the family (in formal neighborhood of the 
base point o in Note that this notion is independent to QFT cycle. 

From (3.30), the generating function 3t can be expressed as, with respect to a QFT 
cycle, 

3f=<l>-^T^{0y). (3.32) 

Applying -tldp to (3.32), we have -Hdp^ = dpT^^ (^r)- Combing with the relation 
that —fidp2^= (iLp ^ we obtain a crucial formula: 

{""P) t^-^ {^r) ' (3.33) 

which relates the set of expectation value of observables of the theory at the basepoint 
^ with set of expectation value of observables of theory at a general point in 
From the definition of (n„j...a„ ) the following relation is obvious 

(n„,...„„ ) = i-nr-^ jjP^ ( Or > • (3-34) 

Thus the equation (3.33) determine every correlation function of the family of the the- 
ory. In particular, the relation (Uap^ ^ = fidadplf (Op^ after combined with (3.22) 
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and (3.33) implies that (tldadp +AapPdp^ ^ Oj.^ = 0. Actually we have a better re- 
sult than that: 

Lemma 3.3. Each T"^ , which is in k[[tH,h~^W, satisfies the following system of formal 
dijferential equations 

(2) {n^ + l)Tr = n5or, 

(3) {\ea\t''i^-\er\)Tr = 0. 

Proof. 

(1) From (3.30), the quantum master equation (3.23) implies that 

[ndadp +AapPdp) TrOr = KXa^ 

for some Xap e '^[[fH]]((^))l«l+l^l"^ Consider the above identity modulo and 
multiply 

[ndadp +AapPdp) TT'Oy = n"-^KXap mod t^+\ (3.35) 

Thenboth^""^ [fldadp + AapP dp^ mod J^""'"^ and ^"~^Xa^ have no negative power 
in h. Now consider corollary 2.2, which state that "if f(x) — KX- for some x € //[[^]] and 
'k^'€[[n]], then x = and K X, = 0" . With our basis { ea } of H, any x € H[ [ ^] ] can be ex- 
pressed as X = \)(^ey for some set {b''}, where b'' G k[[^]] . Hence f(x) = b^'f [e^] = hf Oj 
by our convention. Consequently the equality b''0^ = KX implies that b''e^ = 0, 
which is equivalent to bV^rcy ^ for alU = 0,1,2,.... It follows that br = for V^. 
The above quoted corollary is also valid for x e H[[tH, h]] and ^'^[[tH,h]\. Hence, 
from (3.35), we conclude that h"'^ [hdadp +AapPdp] = mod f^+\ which im- 
plies that [hdadp +AapPdp^ T"^ = mod . Then take n ^ oo limit to conclude 
that [hdadp +AapPdp) jr = 0. 

(2) The result follows from the quantum unity doQ = 1, hence -hdoe^'^^^ = e^^l^, and 
(3.30) after adopting the similar argument as in (1). 

(3) The result follows from (3.30) by matching the ghost number: IT''! = since 
e has ghost number and | O ^ | = | | . 

□ 
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Define 



drr 



= 5pr-it"map^ + - 



dtf> 



and let ^ denote the matrix over formal power series ring k[[tH,fl ^]] with *Spy itsPy 



(1) d^-^Ad^ = 0, 

(2) do'S = -\'S, 

(3) \ep\tPdp'Spr = {\e^\-\ep\]'Spr. 

Proof. The matrix 'S is invertible since its constant part is the identity matrix. 

(1) From property (1) in lemma 3.3, we have tlda'^p^ +AapP 'Sp'^ = 0. It follows that 



Let A denote matrix valued 1-form which Py entry is ApT" = dt"Aap^. Then 
and the both conditions dA = A^ = reduce to d^~^ A d^ = 0. 

(2) From property (2) in lemma 3.3, we have Udo'Sp'^ + 'Sp^ = 0, which is equivalent to 
property (2). 

(3) From property (3) in lemma 3.3, we have \ep\tP^p^ -{cylT'^ = 0. Applying 5^ to the 
relation we obtain that (lealf'^^a - \ep\)] ^pr = 0. □ 

CoroUaryS.l. LetAap''' := — flda'SpP'S'p^^. Then the 3 -tensor Aap^ is in formal power 
series oftu independent to H and satisfies 



entry. 



Lemma 3.4. The matrix ^ is invertible and satisfies 



Aap^ = -nda^pP^-'^ = n'Sp^da'Spr G k.[[tH]]. 



Aap'^{-lP^P^Apa', 
daAp.P ={-lt\\"\dpAa/ , 



A-ap'^ A(jj^ — Apj"^ Aaa^ , 

Aop^ = 5p^, 



\ep\tfdpAap^ = i\ey\ -\ep\- |e„|M„^''. 
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3.2.1. Free energy as generating function ofmorphism ofQFT algebra. This subsec- 
tion is about some preliminary understanding of underlying algebraic structures of 
QFT as is uncovered by this paper. We consider an unital BV QFT, whose partition 
function is normalizable to 1. We shall see that the free energy is another avatar of the 
notion of QFT algebra morphism. 

Consider a BV QFT with QFT cycle c : Si^" — > Ik[[^]] and suppose that |c| = 0, and the 
partition function c(f(eo)) = c(l) = (1) is normalizable to 1. We define free energy F as 
follows: 

e-F/?' = l-ir''(0^}, (3.36) 

where (Oa) ^ Ik[[^]] is normalized expectation value. Note that F|f^^o ~ ^' -^PP^Y^'^S 
—fldi- to (3.36), we have 

-ndye-^^^ = dyV-e-^^^ = dyT''{Oy) = {n^)^^. 

It follows that 

:=5aF|^^^o = (OJek[[^]]. 
Applying fl^dpdp to (3.36) and using the above, we also have 

{-nfdpdye-'^l^ = [-ndpd^F + dp-p-dyF) e'^'^ 

= A^,-(nr>f„ (3.37) 

Hence we obtain the following system of differential equations: 



ndadpV=daF-dpV- Aap'^dy F , 
^F = l, 

which should be compared with the quantum master equation with unity: 

ndadii® = da& ■ dpQ-Aap^djQ- KAap - (0, Aa^)^ , 
5o0 = l. 



(3.38) 



(3.39) 



The lk[[fH]]- algebra on H®k[[tH]] defined by the set [Aap^] in our main theorem can 
be, using the graded symmetry, identified with a sequences m = W2, ma, • • • of multi- 
linear maps n2fi : S^H — > H, of ghost number 0, defined by 

mn{eai ,...,ea„) = mar-ajej. 
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for n = 2, 3, . . ., where S"H denote the graded symmetric products of H and 

The sequence of ?n = m2, ma, . . . of multi-linear maps satisfy the infinite set of rela- 
tions summarized by the relation AapP Apy°' =ApyPAap'^. From these data we build a 
triple 

{Hm],Q,m), 

where m„ is understood to be extended by ^-adic continuity to a lk[[??]]-multi-linear 
map m„ : S"-{H[[h]\) — > We call the above triple a structure of on-shell QFT 

algebrc^ with zero differential on H with trivial quantum descendant algebra: 

Recall that Oq is the image of under the quantization map 

which is a morphism of QFT complexes (//[[^]],0) — » K), i.e., Kf = and 
^Ba) = Oa and KOa = 0. Now, we like to interpret f as a quasi- isomorphism from 
the on-shell QFT algebra [H[[n]],0,m) to the BV QFT algebra {"^[[fl]], K, • ) as QFT 
algebra up to homotopy.^ 

For the above purpose, consider the the quantum master equation (3.39), a solution 
to which 0=r«Oa-l-|f^f«Oay3 shall be relabeled as follows 

1 °° 1 

= fi^iiea] + -tP t"i^2{ea, efi] + J^-t""---t"' i^„{ea, , . . . , e^J, (3.40) 

n=3 

where <t>i = f and <t>«(eai,...,eaj = Oai-a„ such that (!>„ = (p „ + fKp'^^^ + tKp^^^ + ■ ■ ■ is 
interpreted as a sequence of k-multilinear maps, parametrized by H, on S"H into 
with ghost number 0. We also denote \ap = Xr=2 ii^"" ••• f"'^n(eai.--->^a„). where 
t" := (-1)1*1 1", such that %„ = + fl^^^^ + fi^^n^ H — is interpreted as a sequence of 
k-multilinear maps, parametrized by fl, on S"i/ into with ghost number —1. Then 

^ This is just a special class of on-shell QFT algebra and general definition of on shell QFT algebra will 
be give in the 4-th paper in this series. 

^ We didn't define general QFT algebra and its morphism, so the above statement is not valid as math- 
ematical notion yet. But the whole purpose of this series of papers is to reach to the "correct" definition 
of QFT algebra and its morphism, which contains all relevant physical information. 
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the equation (3.39) implies tliat f induces the sequence (J) = <^i,(^2,^3,- - of k[[^]]- 
multilinear as follows: 



We note that the sequence (J> = (j)2, (1)3, . . . is determined by f, the product • in and 
?n = m2, ma, . . . in // up to homotopy. In particular tl^2 measures the failure of f = <|)i 
be an algebra map {H[[fl\],m2) (*^[[^]], • ) up to homotopy. In other words, the 
first condition for the morphism f of QFT complex being a morphism of QFT algebra 
is that the failure of f from being an algebra map iH[[h]],m2) — > ('^^[[^]], • ) up to 
homotopy must be divisible by tl. Similarly, the quantum master equation governs an 
elaborate sequence of divisibility conditions by fl" of f with respect to the product • in 
•i^ff^]] and m = m2,m3,... in //[[^]] up to homotopy. 

We now recall that the (3.40) also solves quantum descendant equation: 



as an automatic consequence of quantum master equation. This means that the se- 
quence (|) = (|)i,(l)2,(j)3,... is a distinguished Lqo -morphism from the trivial quantum 
descendant algebra (//[[/?]], 0) to the quantum descendant DGLA (Si^ K,( , J^) at 
the chain level, both regarded as Loo-algebras. So we call (j) = (<t>i, cj)2, <t)3, . . .) quantum 
descendant morphism, or descendant morphism of quantum descendant algebra. It 
should be clear that not every morphism from (//[[^]],0) to K,( , )^) as Lew- 

algebra over k[[fl]] is quantum descendant morphism. 

It also follows that the classical limit (p = 0i,02,03,--- of <j) = <l>i,<t>2,<t'3'"" is a dis- 
tinguished Loo-quasi-isomorphism from iL to "^i. Thus the moduli space ^ defined 
by the MC equation of the DGLA ("i^, Q, ( , )) is smooth-formal. It should be clear that 
not every Loo quasi-isomorphism from Lf to 'ig' is the classical limit of a quantum de- 
scendant morphism. Equivalently, not every versal solution to the MC equation of 
the DGLA Ci^, Q, ( , )) is originated from solution to the quantum master equation. We 
have called the versal solution obtained from the classical limit of quantum descen- 
dant of morphism of QFT algebra the quantum coordinates on 



- <^2iea, m2{ep,ej)) - ^i{m-i{ 



(3.41) 
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Now we turn to the similar interpretation of the free energy F. From (3.38), we deduce 
that 

^'^afS=^a-^p-map'^^a, (3.42) 

where '^aji '■= ^adpF^^^^^ and • now denotes the multiplication of the ground field k. 
The above equation is to be compared with the first relation in (3.41) . We can interpret 
ipa as the image of ea G H be a map i : // ^ k[[^]], i-e., if iCe^) = if^, defined as 
=X = cof, where c denote the normalized QFT cycle such that c(l) = 1. Then (3.42) 
can be viewed as the definition of tf 2(^0, s/j ) = if a/S : 

fl'-Piiea, ep) := if i(ea) • if 1(6/3) - if i(m2(ea, ep)), (3.43) 

which measures the failure of if 1 =X being an algebra map (//[[??]], mz) (k[[^]], • ). 
In general, we have the following infinite sequence of relations (compare with (3.41)) 

^if 2(ea, ei,) =if i(ea) • ^liep)- if i(m2(ea> ep)), 
fi^siea, ep,ey) =if 2(ea> ep)- if i(e^) + (-l)'^°"^^'if i(e;s) • if2(ea, e^) 

- 'iiiea, mziep, e^)) - if i(m3(ea, ep,ey)), ^^''^'^^ 



which is formal power series expansion of the differential relations (3.38) at tn = 
such that • ■ • da„ F | ^^^^ = if „ (eai r--,ea„), i.e., the formal expansion of F at is 

F = f"if i(ea) ? "if 2(ea, e/s) + J] — f"' if „(eai , • • • , e„„). 

n=3 

Note that the resulting recursive relations for the sequence if = if 1, if 2,... are to be 
regarded as definitions of if„ byX = ifi, and ni= m2,m^,... in H and the ordinary 
multiplication of the ground field k. 

Now we can interpret the mapX : -f/[[^]] as a morphism of QFT algebra 

from the QFT algebra (//[[^]],0, m.) with zero differential to the trivial QFT algebra 
(k[[^]], 0, •) with zero differential. Both the QFT algebras have trivial quantum descen- 
dant algebra and the sequence if = if 1, if 2, ... is the quantum descendant morphism - 
a distinguished morphism on //[[^]] into k[[^]] as Loo-algebras over k[[/z]]. 

The moral of the above story is that we have a confirmation of our metaphor that 
quantum field theory is a study of morphisms of QFT algebras, which contains rather 
complete information on quantum correlation functions. 
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4, QFT Integral and Quantum WDW Equation 

In this section we consider a class of BV QFT with an additional datum called a QFT 
integral. A QFT integral and QFT cycle have the same classical property and could be 
viewed as two different ways of quantization of classical cycle. A QFT integral is re- 
sponsible for formal Frobenius manifold structure on moduli space in semi- classical 
case and gives certain quantum version of it in general. 



4.1. QFTIntegral 

We begin with defining QFT integral and discuss motivations behind the notion after- 
ward. 

Definition 4.1. A QFT integral ^ of dimension N in BV QFT algebra is a sequence of 
k-linear maps on into k, parametrized by fl, 





r(i) 


r(2) 






+ --:'^^k[[n]], 



of ghost number— N satisfying 

jKa-b = -[-lpj a-Kb, 

for^a,b^'€. 

Remark 4.1. Note that QFT integral ^ also define a lk[[^]]-linear map on into 
k[[^]] such that ^ Ka-b = -(-1)1^1 Kb for Va,b e '^[[n]]. 

Corollary 4.1. A sequence ^ of k-linear maps on into k parametrized by fl is a QFT 
integral if and only iffor'ia, & G S^, 

^ Ka = 0, 

^{a,b)n = (i, 

or equivalently ^ Ka = ^(a, b) ^ = for Va, b e [ [ ^] ] . 
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Proof. Set i> = 1 in definition 4.1 and use the property that 1 is a center of the bracket 
to see that ^ Ka = for Va G Applying ^ to the identity 

Kia-b) = Ka-b + {-Ipa ■ Kb - Hi-lf^ [a, b) ^, (4.1) 

we have 

= I K« • + (-1)1"! J ■ Kfo = I K (fl • fo) + n{-lt^ I {a, b)^. 

It follows that ^{a, fo) ^ = for V«, b^*^ since ^ K(a ■b) = 0. Conversely assume that 
^ Kfl = §{a, b)n = for VayS . Then the identity (4.1) implies that § Ka ■ & +(-l)l«l J a ■ 
Kb = 0. □ 

The above corollary implies that a QFT integral is automatically a QFT cycle, i.e., f K = 
0. But the converse is not true in general and QFT integral has the additional property 
that f{a, b)fi = 0. A BV QFT algebra with a QFT integral also defines a BV QFT, since a 
QFT integral is a QFT cycle. In general we tend to regard a QFT integral an additional 
stiucture to a BV QFT. 

Now consider the leading two relations for a QFT integral: 



Qa-b + {-lp a-Qb = 0. 

K^^^a ■ b + (-l)l«l a ■ K^^^b = - Qa b- (-l)l«l a -Qb. 

We recall that the classical limit of BV QFT algebra ['<S'[[n]],K, ■ ) is a CDGA (<^,Q, • ). 
Then the 1st condition (4.2) means that the classical limit J of is a cycle of the CDGA 
('i^,Q, ■ ), i.e., j and Jq = 0. The condition Jq = is equivalent the first 

condition in (4.2), since Q{a-b) = Qa-b + {-l)^'^^a-Qb. The classical limit c^"^ of a QFT 
cycle c = c^"^ + fl6^^ H — also has the same property, while c{ia,b)n) in general. 
We may view QFT cycle and QFT integral as two different ways of quantizing cycle of 
CDGA. 

The classical limit J of a QFT integral ^ induces a unique graded symmetric k-bilinear 
pairing (,)://' (8) ^ k on the cohomology H of the cochain complex {"^,0) 
defined by, for x,y e i/, 

{x,y):=j m-fiy). 

The paring is a homotopy invariant since Q is a derivation of the product •. We recall 
that there is a unique graded commutative and associative product mz'. H®H —> H 
on H. Then 
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Lemma 4.1, The triple [H, mz, {, )] is a graded commutative Frobenius algebra, i.e., 
m2 is a graded commutative and associative product and 

{x,y) =(-1)1^11^1 (y,x) , {x,m2{y,z]) = {m2{x,y],z) 

Proof. The graded commutativity of ( , ) follows from the graded commutativity of 
the product • on^. Recall that that a k-Iinear way of choosing representative of every 
element in // is a cochain map / : {H, 0] {'^,Q), which induces the identity map on 
H and is a morphism of CDGA / : [H, 0, ma) — » ('i^, Q, • ) up to homotopy: for 'ix,y e 
H,fixyf{y)~f{m2ix,y)) =QA2(x,y) such that /(x)eKerQn<^ and [f[x]] =x.Then, 
by definition, 



{x,m2{y,z]):= j f{x)- f{m2iy,z)) 

= j m-[f{y)-m-QX2{y,z)) 

= J/(x)-(/(y)-/(z)), 

where we have used J (Ker Q) • Im Q = for the last equality. By the similar manipula- 
tion we have 



(m2(x,y),z) := 



/(OT2(x,y)) -/(z) 



= I (/W-/(y))-/(z). 

Hence 



■i 



(x,m2(y,z))-(m2(x,y),z) = J (/(x)- (/(y)-/(z)) - (/(x)-/(y)) -/(z)) 

= 0, 

as is claimed. □ 

Remark4.2. The relation ^x,m2(y,z)^ = ^m2(x,y),z^ together with the commuta- 
tivity of m2 is equivalent to the following relations 

- left-invariance: 

{x, m2 (y, z) ) = (-1)1*11^1 (y, m2 (x, z) ) , 

- right-invariance: 

{m2(x,y),z)=(-l)l^ll^l{m2(x,z),y), 
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as well as to 

- left-cyclic: 

- right- cyclic: 



(x, rm {y, z))={- i)l^l(l3'l+l-l) (y, m2{z,x)), 
(m2(x,y),z)=(-l)(W+l>'l)l^l(m2(z,x),y), 



Now we consider the quantum extension map f=f + flf-^^ -\ — : H — » 'i^ff^]] such 
that Kf = fK. We may want to quantize the k-bilinear pairing {, ) : H' <Si H^~^ — » k to 
certain well-defined sequence (, )fi — {< ) + ^{, )^^^ + fi^ { , )^^^-- - of k-bilinear parings 
parametrized by H. It is natural to try 



(x,y)^? = J f(x)-fi[y), 

which does not works, in general, since it depends on quantum homotopy. The first 
obstruction is k, which is assumed to vanish in this paper. Hence Kf = and an arbi- 
trary quantum extension map f homotopic to f is given by f = f -I- Ks. Then 

fix) • f (y ) - fi[x) • f(y ) =f(x) • Ks(y) + Ks(x) • f(y ) + Ks(x) • Ks(y) 
=(-1)1^1 K (fi[x) • s(y )) + K (s(x) • f (y )) 
+ n i^xU{y))f, + m-lt^-' (s(x),f (y))^ . 

The above computation implies that the integral J must be quantized to a QFT inte- 
gral § =j +fi j^^^ H — such that J f(x) • f(y ) is quantum homotopy invariant. 

Remark 4.3. In some case J, satisfying J Qa • b = — (— 1)1"! J a • Qb, may be itself be a 
QFT integral. We call such a QFT integral J = f semi- classical and note that it has to 
satisfy 



K^"^a-b = -{-lp 



:-K^"'^b, 



for all n = 1,2,3, --. By the way the confusing expression that "something is semi- 
classical" really means that "something classical which is also quantum by itself". 

Definition 4.2. (Lenunaj Let § bea QFT integral of an anomaly-free BV QFT algebra, 
that is K = on H. Then there is a sequence o/( , )^ = ( , ) + ^ ( , )'^^^ + Tl^{, )^^^--- of 
k-bilinear parings parametrized by h, ( , )fi : H ^ H ^k.[[h]\, definedby 



(x,y)^ = (|)f(x)-f(y), 

which is a quantum homotopy invariant. 
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Definition 4.3. A QFT integral ^ is called non-degenerate if the k-bilinear pairing on 
the cohomologyH defined by its classical limit j is non-degenerate. 

Proposition 4.1. 

(x, m2iy, z))^-{ m2{x,y), z)^ = -n^ ^i{x)-^2(y,z)- <t>2(x,y ) • ^i{z), 



(m2(x,y),z)^-(-l)l^ll^l(m2(x,z),y)^ = -^|<t)2(x,y)-<l)i(z)-(-l)'>'"^l«l)2(x,z)-«l)i0^ 

Proof. Consider the relation 

h^2{x,y) = f(x) • f(y) - f(m2(x,y)) - KX,2(x,y). 
Then, by definition, we have 

^x,m2(y,z)^^ :=^ f(x)-f(m2(y,z)) 

= I f(x) • (f(y ) • f(z) - KX2iy, z) - hi^iiy, z)) 

f(x)-(f(y)-f(z))-^(f (t»i(x)-(t>2(y,z) 



where we have used ^ Ker K • Im K = for the last equality. After the similar manipu- 
lation we also obtain that 



(m2(x,y),z)^ := j) f(m2(x,y)) -fiz) 

= j (f(x) • fi[y)) -m-nj <t>2(x,y ) • «|)i(z). 
Now the associativity of the product • in implies that 

^x,m2(y,z)^^- ^m2(x,y),z^^ = -fl^ [<t>iW-(l)2(y,z)-<l>2(x,y)-<t>i(z)j. 

The remaining two relations can be proved similarly. □. 
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Definition 4.4. (Lemma) Let ^ be a QFT integral of an anomaly-free EV QFT alge- 
bra, that is K = on H. Then there is a sequence {*,*,*)fi = {*,*,*) + ti{*,*,*)^^^ + 
(*, *, *)^^^ •■• of k-trilinear parings parametrized byh: 

{*,*,*)n:H(S>H2>H^k[[n]], 

which is a quantum homotopy invariant, where 

{x,y,z)^~o ((t)2(x,y) • (t)i(z) + (-if ) • ^x, z)) . 

J 

such that 

(1) {x,y,z)^ = {-\)\y\\^\{x,z,y)^, 

(2) {e,y,z)fi = 0, 

(3) (x,m2{y,z))^- (m2(x,y),z)^ = ^((x,y,z)^ -(-l)l*Hylkl(2,x,j/)^) 

(4) {x, m2(y, z)) ^ - (-l)l^llyl {y, m2{x, z)) ^ = n({x,y,z)^- {-\)M\y\ {y,x,z)^ 

(5) (^m2{x,y),z)) ^-{-l)\y\\^\l^m2[x,z),y) ^ = n[[-\)\^\\^^^^^^^ 

Proof Exercise. 

We may go on to define tiigtier pairings and examine tiieir properties. Instead we look 
for generating formula using the solution of quantum master equation in the case 
that H is finite dimensional for each ghost number. Let {Ca} be the basis of H intro- 
duced in the beginning of section 3. Then 

{ea,ep)fi=^ Oa-Op, 
(e„,e^,e^)^=|(0„^-0^ + (-l)Wl0^-0„^). 



Define 



such that 



gpr '■= '■ ' ■ 4® 

= 1 Oa-Op + f'j [Oap ■ 0, + (-l)l''ll^^l0^ • 0„,) +• 

gpr = {ep,ey)fj-\-t"{ea,ep,ej)f^-{----. 
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We then define n-nary pairing on H^" into k[[tl]] by 

Proposition 4.2. Letgpy := j dp& • dyO €k[[tH]][[fi]]- Then, the following relations are 

satisfied: 

(2)dogpr = 0, 

r5j ^(5„g^j.-(-l)l«ll^l5^g„^) =A^/g„p -(-l)WUa/g^p, 

Proof. The 1st property is obvious. The 2nd property follows from the quantum unity 
that doQ = 1, which implies that dodaQ = 0. For the 3rd property, use the quantum 
master equation dpQ • dyQ = fldp dy& +ApyP dpQ + KqA^s^, which implies that 



=ni dpdy&+ApyP o dpQ. 



Applying tlda to the above we have 

fldagpr 9 dadpSy^ + tldaApyP i) dpG + HAp/ d) dadpQ 



=n^j dadpdyQ + ndaAp/j dpQ-Ap/Aap" j da& 
+ Ap/gap. 

Then the 3rd proposition follows from the potentiality and the associativity of Aap^. 
For the 4th property, set f = to relation (3) and use ApgP =5p'^. □ 



4.2. WDW equation as a semi-classical phenomena 

We call a solution to the quantum master equation semi-classical if does not de- 
pend on h, i.e., = 0. Then the quantum master equation is decomposed into the 
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following form 



where := daO and := dadpO. The quantum descendant equation is, then, de- 
composed as as follows 



Q0+i(0,0f))=O, 



iCW0 + ^ (0,0/^^ = 0, (4.4) 
^(n)0 + i(0^0)(") = O forn>2. 

We say a BV QFT algebra [[%]],¥. = Q + HK^^'^ + n^K^'^'^ + ■■■ , ■ ) is semi-classical 
if it admit a semi-classical solution to the quantum master equation. We say a QFT 
integral ^ semi- classical if ^ = J. 



Lemma 4.2. For a semi-classical BV QFT algebra with a semi- classical QFT integral 
§ = j , the metric gap = §0a-0p satisfies the following properties 

1. it does not depend on U: gap = gap , 

2. it is flat: dagpx = 

3. it is compatible with theS-tensorAap^ : AapP gpy =ApjP gap. 

Proof Note that §Qa-b = § a -Qb and § K^'^'^a -b = -{-\)\a\§ a- K^^^b for 

all G 'ig' and for all « > 1, since § is semiclassical. It also that f{, = for all 
^ = 0, 1, 2, • • • due to corollary 4.1 in the semi-classical case. 

1. Property 1 is obvious since both ^ and 0a do not depend on fl. 

2. By definition, we have 



Sagpr = 
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Consider ^ 0ap ■ &j and substitute Oap using the quantum master equation (4.3) to 
have 



Consider two terms in the RHS above separately; 
-The 1st term: We have 

I • Gr = I Afp . K^'^e, = I Afp . {0,0, f , 

where we have used ^ K^^^a • b = — (— l)!''! ^ a • K^^^b for the 1st equality (note that 
= \ea\ + \ep\-l for all t = Q,l,2,---) and K^^'^Q, + (0,0^)(i5 = 0, which is a con- 
sequence of the quantum descendant equation (4.4), for the 2nd equality. Hence, we 
have 

where we have used the Poisson-law (2.2) for the 2nd equality and the property that 
§ ( , = for the last equality 

-The 2nd term: After the similar manipulations using ^ Qa • b = — (— 1)1"! ^ a • Qb and 
Q0y + {0, 0yi°^ = 0, we have 

such that 

=|(e,AO>.0,)'°'=o. 

where we have used the Poisson-law (2.2) for the 2nd equality and the property that 
§ ( , f^^ = for the last equality. 

Thus ^ 0ap -0, = 0, which also implies that j 0a • 0py = 0. Consequently we have 
dagpr = ^- 
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(3) From the associativity of the product • we have 



j {ea-0p)-0r = ^0a- [0p ■ 0r) ■ (4-5) 



The LHS of the above, after using the quantum master equation (4.3), becomes 

j [0a-0p)-0r = jAapr0p.0^ + j (QAfp-0r + [0j°}f^-0ry 
Then the first term gives 

Aap^0p-0y=Aap^ I 0p-0^=Aap^gp^, 



while the second term vanishes, since 



= |(-(-1)1«H^IaJ^(0,0,)™+(0,aS)™.0^ 

Hence f {0a-0p]-0y = 

Aap^SpT- similar computations for the RHS of (4.5) gives 
j 0a ■ (0/3 • 0r] =ApjP gap ■ It follows that 

Aap'''gpr=ApY''gap 

as was claimed. □ 

Corollary 4.2. LetAapy :=ApyP gap ek[[?H]]. Then There exists & k[[tH]] such that 

^P^~ dt^dtPdtr' 

Proof. Standard. 

Hence we just have established that a semi-classical BV QFT algebra with a semi- 
classical QFT integral induce a structure of Frobenius manifold on albeit the flat 
metric gap may not be invertible. We have invertible metric if the semi- classical QFT 
integral is non- degenerate, leading to WDDV equation. 
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Example 4.1. Consider a BVQFT algebra K, •) with the property that K = Q - 

nA, i.e., = -A and K^"^ = for all « > 1. Then the quadruples {"^yQ.A, ■) is a 
differential BV algebra. Assume that each cohomology class of the complex C^yQ) 
has a representative f{[ea]] = Oa satisfying AOa = 0. Hence f(ea) = /(e^) satisfying 
K/ = 0. Solving the quantum master equation order by order in tn, it is obvious that 
= 0. Then the quantum master equation is decomposed into the following form 

Oa-Op= Aap ^Oj + QAap + [Q, AafS ), 
-hQap=-flAAap 

It follows that our special solution has the form 

00 

= f "Oa + 2 - r • • • r«i /i Xa,...an . 

n=2 

such that AO — Q0 + (0,0) — 0. The semi-classical QFT integral ^ satisfies ^ Qa ■ b = 
^ d . Q]j and ^ Aa ■ b = — (— ^ a • Ab. Hence corresponds to BK integral.^ 
The above is exactiy the special versal solution in [11] corresponding to the flat coor- 
dinates on moduli space. 

For some semi-classical BV QFT algebra, a semi-classical QFT integral may plays the 
role of QFT cycle. Then 

Corollary 4.3. For a BV QFT which underlying BV QFT algebra is semi-classical with 
QFT cycle, which is a semi-classical QFT integral, the set of2-point quantum correla- 
tion functions is the flat metric gap and the set of 3 -point quantum correlation func- 
tions is theS-tensorAapy. 

Proof. By the assumption (n„^ ) = ^ ^ap , where Wap = 0a-Qp — fi^ap ■ From the 
quantum master equation (4.3) we have f Qap = 0. Hence 

(na;8)=^ 0a-0p = gap- 
Now consider the 3-point quantum correlators 

Ilapr = 0a -Op -Or- nOap ■ Or - nOa ■ Opy - ^(-l)l""^l0^ • Oar + fi^0apr, 
where Oapr = daOpj. Then 

{u.apr)=^ 0a-0p-9r=^apr' 

^ Note that the ghost number for Z\ operation is different from the convention in [11]. 
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since we already have shown that ^ Qap -0^ = ^ Oa-0pj — §^p '^aj = while proving 
lemma 4.2 and ^ Oapj = da§ Opj = 0. □. 



5. Proof of the Main Theorem 

The purpose of this section is to prove the main theorem [theorem 3.1]. 

Let0W := t°f(ea)= r«Oa such that K0W =0, since KOa = 0. Weset P(l) = {0W,O,o}. 
For a natural number « > 2, we shall build an inductive system P(n) 

P(l) c P(2) c P(3)-" c P(« - 1) c P(«), 

such that n^oo limit implies theorem 3.1. 



5. 1 . Setting up Pin) 

Definition 5.1. Pin), for a fixed n> 2, is a system consist of 

0=0™+0[21+...+0W, 

A r — /iM r_i_/i[il r_i i_4["-2]r 

where, for l<k<n,0<j<n-2 and 0<£<n-3, 

0W = i-f«i...j««^Oa,...a, it;/iereOa,...aie'^[[^]]l''il+ '+l"*l, 

iCl 

^HL = Ti^""" Vr-Pi«2ai where^a.-a, e 
which satisfy the following properties: 

1. graded commutativity: Aa^aJ - (-l)'°^""''^aia'' = mod r^~\ 

2. associativity: Aa^a2'' -^paj — A.a2ai'' Aa^p^ = mod t^~^, 

3. potentiality: da-^Aa^aJ - (-I)'"^""''^a2^a3ai'' - mot^ t^~^, 

4. unity AopT = 1 
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5. quantum master equation: 

mod t^~^, 

6. quantum unity: do& = 1 mod t^. 

7. quantum descendant equation: KQ + ^i&,&)fi = mod t^^. 

8. quantum gauge: \a2a1 satisfies 

^a20 =0> 

A — f_nl«2llail A 

_/i Pa +(-■\^\"3\\a2\^ Pa 

mod t^~^, 

where Ba3a2aJ ^^[[tH]] mod t^~^ is a certain A-tensor satisfying 

Boa2aJ = Ba^OaJ = Ba^a20^ = mod t^ 

R r-Lr_nl«3lla2l D f — (\mndt^' 
^a3a2«i ^) ^a2a3ai — \J iriuu 

Ba,a2a, - (-1^'^^"'^ + (-1)'"^'^'"^'+'"^'^B„,„,«3 = mod t^ 

andXa^a2a^ e <g'[[f^]]l«3l+|a2l+|ail-2 fjj satisfying 

Xoa2ai =-^a30ai =-^a3a20 = mod t^ ^, 
Xa,a2a, +(-l)l"^"«^IXa3„,„j = mod t^'^ 
Xa3a2ai ~ (~l)'''^^"''^^'-^a3aia2 + (~l)'''^^"''''^^'^'"''^-^a2aia3 =0 mod t^ 

Remark that the 4-tensor BapyP does not contribute to P{2). 

Note that we have already constructed P(2) as well as a sketch of constructing P(3) 
out of P(2) after the statement of theorem 3.1. We shall build V[n + 1) out of assumed 
Pin). 

Remark 5.1. Thehomogeneity |ep|f/^5pAa^'' = (kj-l ~ 1^;^! ~ l^alj^a/S'' follows from the 
quantum master equation by matching the ghost number. 



n-2 
H ' 
n-2 
H ' 
n-2 
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5.1.1. Some consequences ofP[n). Assuming P(n) we examine some of its conse- 
quences, which shall be used to build P{n + 1) from P(«). 

It is convenient to introduce the notation that 0a := da& and Qpa '■= dp&a such that 
the mod t^~^ quantum master equation in P(n) is rewritten as follows 

^©ajai =0a2 -©ai -Aa^a/Qy " KAa^ai - (O.Aa^aJ^ mod t^~\ 
Note that 0o = 1. Then the classical limit of quantum master equation in P(n) is 

0a2-0ai=Aa;aj0r + Q^a2ai-{0,Aa2ai) mod t^~\ (5.1) 

where 0^ = 0ai |^^q and Aa2ai = A^a2ai | jj^o' following decompo- 

sitions 

0„ = 0M+0m + ...+0[«-ii, 

where 0^*^"^' = 5a0[*^l. Note thatoL"' = Oa and r«0lf = kQ^^K since 01*^1 is a homo- 
geneous polynomial in degree k in tn- 

Now we turn to the quantum descendant equation in P(n): K0-|-|{0,0);j = mod f^"*"^. 

Corollary 5.1. LetKo := K-t-(0, )^ mod t^^^. OnanyMG'€[[tH,1i]]])[[K\] mod 
for m<n + l, 

kIm=0 mod 

Proof. Note that Kq M = K M -I- (0, M)^ mod t^, and 

K|M = K^X-hK(0,M)^-h(0,KM)^-F(0,(0,M)^)^ mod 

Using = 0, the property that K is a derivation of the BV bracket and the Jacobi 
identity of the BV bracket, we have 

K|M = j^K0-F^(0,0)^,Mj modt^. 
Since K0 -I- 1 (0,0)^ = mod f and m < « -I- 1, we conclude that 



KqM=0 mod r™, 



□ 



By applying and successively to the quantum descendant equation, we also 
have 
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Corollary 5,2, KQa, + (G.GaJ^ = morf tj^. 

Let = 1 and let 0^ = 0,- 1 . By taking the classical limit of the quantum descen- 
dant equation in P(«) we have 

Corollary 5,3, Q0 + ^ (0, 0) = mod t^'^^ 

By taking the classical limit of corollary 5.1, we have 

Corollary 5,4, LetQe := Q-l-(0, ) mod f^+\ On any M G "^[[tn]] mod for m < 
n + l, 

QlM = Omod t^. 
By taking the classical limit of corollary 5.2, we have 
Corollary 5,5, Q0^ + (0,0^) = mod 

The condition QOy + (0,0^) = mod implies that Q0^ + (0,0^) = mod for 
alll < A; < n. In particular QOj + (0,0,-) = mod tjj is equivalent to QOy = 0. By our 
assumption the Q-cohomology classes of {O^} form a (linearly independent) basis of 
H, any homogeneous element X G '^[[tn]]^'^^ satisfying QX = can be expressed as 
X = c^'O^ + QF for unique set of constants {c''} ink and some Fg defined 
modulo Ker Q. Also for any equality in the form QY = c'^Oj implies that c'' = for 
all x> since by taking the Q-cohomology class we have c^lOj] = cfe^- — and {ey} 
are linearly independent, as well as QY = 0. We shall establish the similar properties 
involving Q -I- (0, ) and {0}a mod t" as consequences of the P[n). 

Proposition 5,1, Any element Mg 'i^' [[?«]]) defined modulo for l<m <n satis- 
fying 

QM + {0,M) = Omod 

can be expressed as 

M=Bfey + QA + {Q,A)n mod 
where Br Gk[[tH]] mod andA&'^[[tH]]^'^^~^ mod defined modulo Ker {Q + {e, )). 



Proof See Appendix B. □ 
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Corollary 5,6, ForanyM^ '^[Uh]]^'^^ defined modulo fori <m< nforl <m<n 
satisfying 

QM + i0,M) = Omod t^, 

there is a canonical extension to M G mod t^, which is unique up to 

him K©, such that M |^^q= M and 

KM +(0,M)^ = O mod t^. 

Proof. From proposition 5.1, M can be expressed as 

M = B'^ey + QA + {e,A) mod t^ 

for unique ^hltn] mod t^ and some ylG('^(8)k[fH])'^'~^ mod tj^ defined mod- 
ulo Ker(Q+(0, )).LetAG'^[[rH,n]]l^l-i mod suchthatA|?j=o = A and let 

M = B''0^ + KA+(0,A)^ mod t^, 

Then M |^^jj= M and KM + (0, M)^ = mod where we have used corollaries 5.1 
and 5.2. 

□ 

Proposition 5.2. Let m<n.An equality in the following form: 

QM + {e,M) = aO^ mod f™, 
where M^'^iitu]]^^^ andCr & k.[[tH\] mod , implies that 

QM + {G,M) = a = Omod t^. 

Proof See Appendix B. □ 

Now consider the following two expressions, which are defined modulo t^~^ and built 
from P(«): 

mod t^~^, 
mod tZ~^. 



Then, 
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Proposition 5.3. The two expressionsWia^a-^ai and'Na3a2ai satisfy 
J.M„3„,„, =(-l)l«2ll«ilM«3„,„, mod t^-\ 

2. MasazO = Majoai = Moa2ai = mod t^~^, 

3. N„3„,„i = -(-l)l«3ll«2lN„^„^„^ mod t^-^ 

4. Na3a20 = Na30ai = ^OazUi = mod t^'^, 

5. N„3„,„, -(-l)l«2ll«ilN„3„,„,+(-l)l«3l(l«2l+|ail)M„^„^„^ =0 mod t^-\ 

6. KNa3a,„, + iQ,na,a2a,)n = ^ {^a^a^a, - {-^^'''^^'''^Ma^a.a,) = ^M[„3„,]ai mod t^'^ 

Proof. In order. 

1. It follows from the supercommutativlty of the product • and the assumptions that 
©aaai = i-l)^"'^^"'^Oara, mod t^-\ Aa,a{f = mod t^'^ and A„,„, = 

(_l)|a2llailA„^„^ mod t^-^ in P(n). 

2. It follows from the definition ofMa^azai in (5.2) together with the assumptions that 
0^0 = 00^ = mod ©o = 1 mod \ Apo'^ = Aop^ = 5pr mod t^~^ and \pQ 

mod t^~^ in P(«). 

3. It is trivial by definition. 

4. This can be checked using the assumptions that 0o = 1 mod t^~^, Apo^ — AopT = 
5pr mod - (-l)l^ll«lA„^ mod f^^-^ndA^o = mod t'^-^mV{n). 

5. This follows directly after comparison using A^jai 

r = (-i)l«2l|ail^^^^^ mod f^"Und 

Aa.ai -(-l)l«2ll«'lA„j„, mod t^-' in P(n). 

6. For the last property, multiply 0^3 to the mod f^^^ quantum master equation in 
P(n) to obtain that 



- K ((-l)l«%a3 • Aa,„J - (0,(-l)l«3l0„3 . A„,«J 

mod 
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Using the mod quantum master equation again, we have 

- K (.4„,„/A„3p +(-l)l«3l0„3 .A„,«J 
mod t^~^. 

Equivalently 

- (0,A„,„,^A„3p -(-if ^I0a3 -Aa.aO^ 
Then from the identity 

©as • (0«2 -OaJ -(-1)I"^II"^'0«. • (0„3 -ear) =0 mod t^'K 

we have 

+ n (.4„,a/0„3^ - (-l)l«3ll«2U„^^^r0^^^) 

+ n((0„3,A„,„O,-(-l)l«3ll«^l(0,^,A«3„O,) 

- K (-A«,„/A„3p +(-l)l«3ll«2U„^„^PA„^p -(-l)l«3l0„^ .A„2„^ +(-l)l«3ll«2l(_l)|a2l0^^ .A^ 

- (0,-A«,«/A«3p +(-l)l«3ll«2U„^„^PA„^p -(-l)l«3l0„^ .A„2„^ +(_l)|a3l|a2l(_i)|a2|0^^ .A, 

mod t^~^. 

NowweusethatAa2a/v4a3pr-(-l)l«3ll«2l^„^„^PA„2^r = mod tj^'^ and compare the 
remaining terms with the definitions of Najajai mod t^~^ and Ma-^azai mod t^~^ in 
the equation (5.2) to establish the property. □ 

Finally, we consider the quantum gauge the 3rd condition for the quantum gauge 
(property 8 of P{n]), which can be written as follows: 

a2]ai — ^tt^ttzai — BasazUi^^p ~ ^^a^azUi — (©.-^aaaaaOft fnod ^, (5.3) 

where Na3a2ai contributes to the above modulo t^~^ only. 
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5.2. Building P{n + 1) outofP{n) 

Our goal in this subsection is to build P[n + 1) out of assumed P(«). We are going 
to proceed in the following orders: (1) define Aapi^ such that Agp^' = 5pf and Aap"^ = 
Aap^ mod t^~^, (2) establish the mod graded commutativity and associativity of 
Aaj}^, (3) establish the mod t^~^ potentiality of Aap^, (4) define such that doQ = 1 
and = mod t^'^^ and show that satisfy the mod quantum master equation 
and the mod t^^^ quantum descendant equation. 

5.2.1. Definition ofAap^ and its immediate properties. We first consider the follow- 
ing expression, built from P(«), 

Ma^ai :=0ff2 -O"! mod t^, (5.4) 

which is defined modulo t^ since Qa are defined modulo in P(n). Then, we obtain 
that 

KM„,„. + (0,M„,„O =-m-l)'"^'(0a2-0aOfi mod tl (5.5) 
by a direct computation. 

Lemma 5.1. There are unique Aa^aJ ^^[[tn]] mod f^awrfsomeAajaj mod t^ 

satisfying 

Oaz -Oai =Aa,a/0r + QAa2a, + [O.^aza,] mod t^, (5.6) 

with the following properties 

1. Aa,aJ - (-l)l"l^l"^l^aia2'' = mod t^, 

2. Aoa/ = 5„/ mod t^, 

3. Aa,a,PAa,pr - (-l)l«3ll°2lA„3a/A„,pr = mod r", 

4.1a2ai =(-l)l°^ll«ilA„ja2 mod t^, 

5. Aoai = mod t^. 

Proof. Bytakingclassicallimitof (5.2), weobtainthatQ^a2ai+(0'-^a2«i) =Omod t^, 
where ^a2ffi :=^^a2ai|t^=o ~®«2 '^ffi £ ''^[[fif]]'"^'^'"^' mod f^. Applying proposition 
5.1, we conclude that there are unique 3-tensor A^ja/ ^ mod t^ and some 

Xttzai e <^[[?H]]l«2l+lail mod t^, defined modulo KerQe, such that 

0a, -Qa, =Aa2a/0r + Q^a2ai + {p<^a2a,) mod t"^. (5.7) 
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From the super-commutativity0a2-0ai-(-l)'"'^'"''0ar0a2 =0 mod t^, the equation 
(5.7) implies that 

(^2a/-(-l)'"'''"''^ia2'')'5r^-Q^[«2ail-(0.^[a2ai]) mod t^. 

where X[a2aii :=^a2ai l)'"'^'"^'-^aia2 mod f^. We now apply proposition 5.2 to con- 
clude that 

Aa,aJ - = mod tl 

and QX[„2„,] + {e,X\a2ax\) = 0. Let 

Aa,a, := ^ (X„2„i +(-l)l°^l'"'IX„2„J mod t^, 

such that Aa2ai = (— l)'"^""^'^aia2 mod t^. Then (5.7) is rewritten as follows 
0a2-&ai =^020/0^ + QAz2a, + (0,A(2ai) mod t^. 

Hence we have established the relation (5.6) as well as the properties 1 and 4. For the 
properties 2 and 5, set a2 = in the above equation and use 0o = 1 to deduce that 

A.op''^ = 5 p'l' andyloai =0 mod t^. 

For the last remaining property 3, consider the following identity 

0a,-(0a2-0aJ-(-l)'"'""''0«2-(0a3-0ai)-O, mod ^ (5.8) 

which is due to the associativity and the super-commutativity of the product. Using 
the relation (5.6), we have 

Oas ■ (0a2 -©aj =A„2ai^0a3 ' + Q© ((-l)'"''0a3 ' Aa^a,) mod t^, 

where we used the property that Qq mod t^^^ is a derivation of the product and 
Q00a = mod t^. Using the relation (5.6) again for • 0p , we have 

0a, ■ (0a2 • 0ai) =Aa2a,fAay0r + Q© (^2^/ A^as + (-l)'"''0a3 ' ^a^a,) mod t^. 
Then the identity (5.8) imply that 

(Aa2a/Aa3p''-(-l)l"^"«^l^a3ai''^a2p'')0r = -Q^3a2ai-(0.^3a2ai) mod t^, (5.9) 

where 

-(-l)l«3l0„3.A«2ai+(-l)l"^""^l(-l)l«^l0a2-^a3ai mod t^. 
Applying proposition 5.2 in Appendix ^4 to the equation (5.9) to conclude that 

Aa2a,PAa,pr -{-\t'\\^'^\Aa,a,PAa2p'' = Qm0d t^. 

□ 
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Corollary 5.7, Associativity modulo 

Proof. Combine properties 1 and 3 in lemma 5.1. □ 

Corollary 5.8. Reduction modulo t :Aa2a J =-Aa2a/ mod t^~^ andAa-^ai =^a2ai mod t^~^. 

Proof. Compare (5.6) with the classical limit (5.1) of quantum master equation in 
Pin). 



5.2.2. Potentiality Aa/i^ . Here is the idea of our proof. Recall the defining equation 
(5.6) of^a^'' in lemma 5.1: 

0a2-0ai =Aa2aj0r + Q^a2ai + (©.Atzai) mod t^, 

where Aa2aJ = ^aaa/ mod t^~^ and /laaai = ^aaai mod t^~^. Apply to the above 
equation to have 

= daAa2aJ&r + Qei.-^t'^da,Aa2a, mod t^'K 

Denote the LHS of above by Ma-ia2a\ ' 

■^030201 — 00302 ■ "I" ^" ^'0a2 ■ 00301 ~ -'^0201 '^003)' ~ (0a3>^a2ai) mod tj^ , 

since Aa2a J = Aa2a J mod t^^^ andylajaj =Aa2ai mod Hence we have 

•^f^[a3a2]ai — \^a3-'^a2ai ( ^-J ^az^a^ai j '^y r ^rl\ 

+ Qe ((-I)l«^l43^a2ai -(-l)l"^l+l"^l'"^l5a3A„2aO mod t^'K ^' 

Thus we need to show that .J^[a3a2]ai ^ Im Qe to establish that 

43^2a/ - (-l)'"^""^'42^3a/ = mod f«-\ 

Note that Maiwia^ is exactly the classical limit of Ma3a2ai, the properties of which are 
listed in proposition 5.3. We shall need a stronger proposition. 
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Proposition 5,4. There is certain Ya^aiai e "^[[f^.^lJl^^l+laal+lail-i mod ^ suchthat 

^azaitti — d[a^\.a2\ai mod , 

and 

1. KYaga^ai + {&,Yaia2ai)^=^[aia2]ai mod t^~^ , 

2. Y„3„,„, = -(-l)l"3ll«2lY„^„^„^ mod t^-\ 

3. Yoajai = YaaOai = ^asazO = mod t'^f'^ , 

4. Y„3„,„, -(-l)l«2ll«ilY„3„,„,+(-l)l«3l(la2l+|ail)Y„^„^„^ =0 morf t'^-\ 

Proof. Let^3a2ai mod be the classical limit of Na3a2ai mod Then propo- 
sition 5.3 in the classical limit ^ = becomes 

Q^3a2ai + (0.^/1^30201 ) = rnod t^~^. 

Note also that 

AT — _f_nl«3l|a2l mod t''~^ 

^asa-zO — ^UiOai = ^a2ai — ^ mod \ 
^a^azai ~ {~^)^ ^" ''^^^^(30102 "I" ^^^^azaia^ mod , 

which are the classical limits of properties 3,4 and 5 in proposition 5.3. We also recall 
the 3rd condition for the quantum gauge (property 8 of P(«) as is written in (5.3)): 

fiS[a3^a2]ai — 1^0302 «i ^a-^azai^^y ^-^asuzai > -^a^azUi^ fi mod , (5.11) 

which classical limit is 

^^asazai — ^a^azai^ ~ Q-^ajazai (0>-^a3a2ffi) mod tj^ 

Hence, by proposition 5.1, there are unique Ba^^azai ^ mod t^~^ and some 

^asazai ^ 'i^ii^if]] mod t^^^ defined modulo Ker Qq satisfying 

t^^3a2ai ~ -^a3a2ai''07' "I" Q^ff3a2ffi "I" (0'-^a3a2ffi ) mod t^j , (5.12) 
such that Ba3a2ai'' = 5a3a2ai mod t^~'^ , Aa-^azaJ = Aa^aiai mod t^^'^ and 

R r — _c_nl«3ll«2l D r rnnd r"~^ 

B0ff2a/ = Ba-^QaJ = 5„3a2o'^ = mod ^, 
R _f_ill«2l|ail S 1 f_-|-\|a3l(|a2l+|ffil) B —()mndr"~^ 

X — _r_lll«3l|a2l fti-l 

-^0a2«i =-^03001 =-^03020 = mod ^, 

X _f_llla2l|ail V I ('_i^|a3l(|a2l+|ail) Y —()mndt"~^ 



(5.13) 
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It follows, from (5.12), that the following expression 

f*Ja3a2ai ~ ^a3a2ai'^®)' ~ KXajorjai ~ (®'-^a3a2ai) ^ Wiod \ 

is divisible by tl. Hence we can define Ya^azai by the following formula: 

^^a3a2ai •~^a3a2ai ~ ^asazai^^j ~ ^■^a3a2ai ~ (®'-^a3a2ai) ^ mod , (5.14) 
such that Ya3„2ai = %3'^a2]ai mod t^~^. 
Now we are ready to check all the properties in order. 

1. Apply Ko to (5.14) to obtain that 

nKYa,a2a^+n{Q,Ya,a2a,)f^ = KNa3a2ai + {&,^asa2a,)n mod 
Then, from property 6 in proposition 5.3, we conclude that 

^^a3a2ai "I" (®i '^a3a2ai) ~ ■^[a3a2]ai mod 

2. From property 3 in proposition 5.3 and the relations in (5.13), we conclude that 

V — _r_nl«3l|a2lY mnH t"~^ 

ji 030201 — y '-} ■'1020301 iiiuu 

3. From property 4 in proposition 5.3 and the relations in (5.13), we conclude that 

^00201 = Ya30oi = ^03020 = mod ^. 

4. From property 5 in proposition 5.3 and the relations in (5.13), we conclude that 

Y„3„,„, -(-1)I«^"«'Iy„3„,„, + (-lf^l(l«^l+l«il)Y„,a,«3 =0 mo^^ t^-\ 

□ 

Now we are ready to establish the potentiality of ^0201 • 

Lemma 5.2. Potentiality: da^Aa^aJ - (-l)'"'""'42^03o/ = mod t^~^. 

Proof. Recall the the relation (5.10): 

1 —(3 A r _(-_nl«3l|o2!a A Aa 
-^f^lasaziai — '-'03^0201 l '^02-^0301 J'~-'y 

+ Q0((-l)l«^l43Ao2Oi-(-l)l"^l+'"^'l"^'5o3^O2oO mod tl-\ 
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Now the classical limit of property 1 in proposition 5.4 gives 

-^[a3a2]ai =Q0^a3a2ai t^'^ (5.15) 

where Ya^aiai = ^asUiUi 1^=0- Comparing (5.10) with (5.15), we have 

= Qe [Yasa^a,-{-lt'^da,Aa,a, + (-l}'"^'+'"^""^'5a3^a2aO mod t^'K 
Applying proposition 5.1, we conclude that 

□ 

Corollary 5.9. There is a choice such that 

Y —(_-i\\a3\fj 7 _c_ii|a2|+|a3l|a2lfl 7 t"~^ 

5.2.3. Definition of mod t'^^^. Now we are about to take the final step, which re- 
quires one more proposition, corresponding to the quantum gauge in P(n + 1): 

Proposition 5.5. 77igrejsflA«2ai e 'g'[[rH]]'"''+'"^'"^ mod t^ such that 

1- ^a-ioi |^_Q = Aa2ai' 

■2. Aflfjai —^a2ai mod tj^ , 

3. Aa,„,=(-l)l«2ll«ilAa,„^, 

4. Aa20 = 0, 

5. Yaja^ai = d\a^l>.a2\ai mod t^~^ . 

Proof. From the condition in proposition 5.4 that 

^asUzUi — S[a3^az]ai mod tj^ , 

we are looking for a Aa"^J' satisfying 
(a^ a'""^'I =/?""^' 

(fo).AL':^JJ=(-l)l«^ll«^lAL",all, 
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(Uj. iia3a2ai — ^as^'-azUi • 

Assuming the above conditions, we set A^jai = Aajai + ^a^i • Then all the properties 
in the proposition are satisfied. 

Consider 

Casai :=0a2 -©ai -Aa^ax^&y - (©.A^^ai)^ mod t^. (5.16) 

Note that the classical limit of Cazm is 

Cazai 1^^0 = 002 -©ai - Aa^a/Qj- - (0,yla2ai) mod t^. 

Comparing above with ■ Qai =A.a2aJ0r Q^aza + (0. ^aaai) mod t^, we have 

C„2a:|^^0=4"a!"'Or + Q^a2ai morf f^. (5.17) 

Note also that 

^aaCaalai =M[a3a2]ai - (©. ^sAajJai)?? 

= KY(],3(],2ai + YagQTjai ~ ^a3Aa2]ai)^ 

morf f^~^ 

where we have used M[a3a2]ai = KYa3a2ai + {'^y'^aiazai] mod t'^~^ (property 1 in 
proposition 5.4). It follows that 

d[asCa2]a^ = KYa^azUi mod f^-\ (5.18) 

since Ya^azai - 9[a3J^a2]ai = mod t^~^ and0|^^^Q = 0. 
Now consider the word-length (n — 1) part C^a^Ai '^aiai- 

n—l n—2 n—2 

fc=0 fc=0 fc=0 

We note, from (5.17) and (5.18), that 

(p[n-i]| =2'[«-ilrn +0/ll"~i] 

<^[«3^a2]ai - 030201 • 

Hence YL"3a2Li - ^[03^0210^' divisible by n. 



(5.20) 
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Now we consider the following expansions: 

^a3a2ai ~ (jx _2)! ^^an+i-aiasazai wnere i;a„+i-ai & ^ LL'tJJ 

TFn-H — tu^ f= cg-laiH-'+lan+il-l 

"^^a2ai ~ [n-iy. ^an+iUn-asazai wnere Aan+i-ai ^ ^ > 

such that 

a 7ln-l] _ 1 a„^., rx r _ r_nla3lla2l7 r^i 

["3 a2]ai ~ _2) ^^Aa„^ja„...a4a3a2ai I. ^) Aa„+ia„-aia2a3ai )■ 

We can define Tia„^,a„...„,„3«,aj g <^[[^]]l«il+- +l«"+il-i as foUows: 

^'na«+ian-a4a3«2ai ~ ^a„+ia„-a4a3a2ai ~ (■^an+ian-a4a3a2ai ~ (~l)'"^""^'-^a„+ia„-a4a2a3a/) ' 

since yI,"^^^ - ^[a^^a^a, divisible by U. Then 

^r/Sa "^'^^/Sla {n-2)\ ^Pn-i-pzrPa- 

Note also that 

(~l)'^""''^Pn-i-P2r«^ _ (— l)'^'^'^'^'"'^ifip„_j...p2^ar = i1pn-i-p2r^a- 
Finally, we define 

Then, we have 

WAL"2aJ'=(-i)i«^"«^iAL';^2", 
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Hence all that is remain is to check that Y^az^ai = ^[ag-'^L^iai • 
'^[rp]a % p\a 3(/7-2)! y\pn-i-p2rPa y Hpn-i-piPra) 

~ [f \6]a 3 («-2)! 'lpn-i-p2rPa 
-'^[f^^/S]a (m-2)! ^Pn-vpirPa 



rpa 



□. 



Corollary 5.10. Lef 

Then 

1. Lc(2ai is divisible by fi, 

2. La^ai =(-l)l"^ll"ilLaia2 mod t^, 

3. La20 = mod t^, 

4.43L„,„i={-l)l«^ll°^l42La3ai '"Ot^ 

Proo/ Straightforward to check in order: 

1. The classical limit of L^^ai vanishes due to the relation (5.6). 

2. UsetherelationsA„2a/ = (-l)l''2ll"ilA„i„2 mod andA^^ai = (-l)'"'""''Aaia2 mod t^, 
as well as supercommutativity of the product •. 

3. Use the unities thatOo = 1 andv^o^'' = 5^^ mod as well as the relation A^jo = 0. 

4. By applying da^ we have 

^ajLajai =Ma3a2ai - da^Aa^a/Qy - Keda^A-azai mod t^~^. 
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Hence 

= M[a3a2]ai - K0%3Aa2]ai 
= 0, 

where we have used the potentiality ^agA^ja/ - (-I)'"^"°^'5a2^a3a/ = i^od t^~^ for 
the 1st equality and property 5 in proposition 5.5. □ 

From the quantum master equation in P(«), we already know that 

Laaai = ^^aj^ai© mod r^~\ 

so that the only new piece of information in the expression L^jai is its component 
La2al' with the word-length « — 1 in tn'- 

A;=0 i:=0 (.O.ZIJ 

Set n0[«+il = -^^^ r«i L'^2al' and define 

O ;=0 + 0[« + l] = 0[1] -I I- 0[«] + 0[« + l] 

SO that = mod and da& — 0a mod t^. Then the following lemma finishes 
our construction P(w + 1) out of the assumed P(m). 

Lemma 5.3. satisfies 

1. the mod t^ quantum master equation: 

nda2daiO = da2&-Sa,&-Aa2a,^dye-KAa2a,-{&,'^a2a,]fj mod t^, 



2. the quantum unity do&= 1 mod t"j^^ , 

3. the mod t^^ quantum descendant equation: K& + ^[Q,&1% = ^ mod t^^. 



Proof. In order. 
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1. It is sufficient to stiow ttiat ^^aj^ai© = L^jal'- wiiicii is combined witti the quan- 
tum master equation mod in P(«)tohavethe mod equation. From 01"+^ = 
^r^rrL[;-^Uehave 

2 



■1] 



n{n + l) '"1 n{n + l) nin + 1) '^^^ 

n iP n{n + 1) f^J^ 

whiere we liave used l'^^^j' = (— l)l"2ll«ilLaj'^2 for the 1st and the 3rd equalities and 
ti^dj^l!"'^^ ={n- l)L'"a"/' for the last equality. It follows that 5„i0["+il = \tr\}"~^^^ 

[n- - - - 

-'lJ]\ 



since d[ai = 0. The similar computation show that ^5^2 ^^^0= l'^^h!'- 



2. The quantum unity 5o0 = 1 mod follows from do& = do& = 1 mod and 

1 frY^"~ ' 
n'' ^ro 



3. In P(n) we have assumed that K0-t- 1(0,0)^ = K0-I- ^(0,0)^ = mod t^'^K So it 
is suffice to show that 

K0["+il + -^(^0["+i-«:l,0Wj =0. (5.22) 
^ fc=i ^ 
Note that the quantum master equation in 1 can be written as follows: 

nda2da,0 = da2O-Sa,0-Aa2a/dr®-'K.K2a,-{&,K2a,]fj mod t^. 

Applying K© to the above, we have 

Now consider the word length (n - 1) part of the above identity: 

k=l k=l 

and multiply (— i)l«2l+|ail f ai fa2 iq sum over the repeated indices such that 

n 
k=l 



k=l 
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Then, from the homogeneity of 0[*^] such that t"daQ^''^ = A;©'*^', we obtain that 

n n 

n{n + l)K0["+il +^ it(it - 1) (0["+i-«,0W)^ = + l-k)k (0["+i-*^l,0W)^ , 

k=l fc=l 

which is simplified as follows: 

n 

+ l)K0["+il +Y,k (0l"+i-*^l,0[^l)^ = 0. 

k=l 

Using the following re-summation: 

(0[«+i-fc]^0[fc])^ + 1 - fc) (0^0["+l-^l)^ 

k=l fc=l 

k=l 

we have 

(n + l)K0["+il + (0["+i-*^],0W)^ = 0, 

^ fc=i 

which is equivalent the relation (5.22) . □ 
Finally take n^oo and we are done. 



A. Appendix 

The purpose of this appendix is to prove proposition 2.1 and 2.2, which compare 
('>^[[^]]> K) and (//[[??]], k) both as cochain complexes over k[[^]]. 

Recall that a quantization map f = f + tif^^'> H — is a ghost number preserving lk[[/z]]- 
linear map on H[[n]] to "^[[H]] satisfying Kf = fK such that Qf = 0, /(O) = 0, and / 
induces the identity map on H, i.e, the Q-cohomology class of fix] is x for all x G if. 
Let Y £ Ker Qn^. We denote the Q-cohomology class of y by [y] e H. Note that 
/([]'])=]' mod Im Q since / induces the identity map on H. Note also that an equal- 
ity of the type /(x) = QA, where x e //l^l and A e 'i^l^l"! implies that (i) x = since 
[f{x]] = [QA] = and [fix]] = x, and (ii) QA = since /(O) = 0. 



We begin with proposition 2.1: 
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Proposition A. 1. Any homogeneous r\ e satisfying Kr\ = 0, can be expressed 

as 

^ = f{x) + K'k, 

for certain pa?r(x,X) e e such thatKx= 0. Leti-sfX] e e 

[[^]] be any other pair satisfying 

Ti = C[x')+K>,'. 

Then there is certain pair {y, i^) e H[[n]]\^\-^ © <g'[[??]]l^l-2 such that 

x' — x= — Ky, 

Consider any if) e satisfying Kt] =0. We shall show that (i) there is apair (x,X,) 

such that Ti = f(x) + KX, (ii) kx = and (iii) for any other (x', satisfying = f(x') + 

KX,' there is a pair {y,'^) such that x' — x = -Ky and V — % = f(y) + Ki^. Denote t] = 
rj(o) + fi^(i) + .... 

We begin with proving the proposition modulo fl. Note that the condition Kifi = 
modulo tl is Qrf-^^ = 0. Then, 

(i) It follows that r]^'^^ = f ( ) + QA^") for some At") G 'g'. Set x^o) = [ryC)] , i.e., 
Set 

x=x^*'^ morf ^, 
% = ?S°^ mod n. 
Then the relation (A.23) is equivalent to t] = f(x) + KX morf ^. 

(ii) It is obvious that kx = mod h since k = mod H. 

(iii) Let (x'(o^ A'C') be any other pair satisfying /^(o) = f (^^'(o)) + QX'^^l Then, by a com- 
parison with (A.23), we have 

/(x'm-xm)=-Q(A'm-Am). 

By taking the Q-cohomology class to the above, we conclude that x'^*'^ = x^''^ as well as 
Q (A'(o) - A(o)) = 0, which implies that there is a pair (y(o), ^(o^) such that A^") - A^) = 

^/(0)_^(0)^^|-_^(0)j+Q^(0)_ 
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The above set of relations is equivalent to 



x' — x= —Ky mod tl, 
).'->. = f{y)+Ki;, 



where 



■xf — x'^'^^ mod fl, y = y^^^modfl, 
%! = A'™ mod n, ^ = ^f"^ mod n. 



The above demonstration is too trivial to be an useful example, though it is a neces- 
sary step for mathematical induction. Now the next order is demonstrated for peda- 
gogical purposes — since it has all the essential features of the proposition, some read- 
ers may read it and skip the actual proof. 

Consider the proposition modulo tl^. Then the condition Kif] = mod ti^ is Qrj^^^ = 
and Qr]^^^ + K^^^r]^^^ = 0, which becomes 



after using (A.23). From Kf = fK and ^ 0, we have K^^^f = -Q/^^^ -I- /fc^i) and 
^(i)Q = — QiC^i). Thus the above condition is equivalent to 



Q^(l) + J^(l)/(^(0))+^(l)Q^(0)^0, 




(v4.24) 



By taking the Q-cohomology class to the above, we have 



(.4.25) 



Then (A.24) also implies that 



Q(r?W-/m(xm)-iC«Am)=0. 



(A.26) 



(i) From (A.26), It follows that r]^^^ - (x^o)) - KW^,m = f ^^W^ + q^(i) foj- unique 
x(i^ G H and some A^^^ G S^. Then, together with (A.23), we have 




(ii) From (A.25). it follows kx= k-^^^x^^^ = mod since k = mod tl. 
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(iii) Recall that is defined modulo Ker Q in (A.23). Let A'^") = A^") + <^(o) for any 
^("^ G Ker Q. Then we also have 

Repeating the same steps of deriving (A.24) to (A.26), we conclude that 

Q(^(i)_/(i) (x(o))-J^Wa'(o))=0. 

It follows that rjd) - fW [x^^^] - iC^iU'C") = / + QA<i) for unique x'W g // and 
some A'^i^ e 'ig', i.e., 

r^m = fW J^(0)) + f j + j^(i)^/(0) + Q^<i)_ (^ 28) 

By comparing the above with (A.27) we have 

/ (jc<" - x(") = - Q (A'(i) - A(") . (A.29) 

Recall that (^("^ = A^") - A^^ is an element in Ker Q. Hence 

fory(o)= [<^m] e//and some ^^^^ e 'i^ . Recall also that ^'^"^ can be an arbitrary element 
in Ker Q so that y is an arbitrary element in H accordingly. From 

^(1)^(0) ^j^(l)^(^^(0)-)^j^(l)Q^(0) 

the relation (A.29) becomes 

/ - x^i) + = -Q (A'fi^ - A(" - /I) (y - iC^i^C™) • (^.31) 

By taking the Q-cohomology class of the above, we have 

Hence (A.31) also implies that 

Q - A(" - /I) (y - = 0, 

so that there is unique y^^) e // and some ^^^^ e such that 

Let y = y(°^ + fiy^^^ mod h^. From (A.32), we conclude that the solution x = x^") + 
flx^i) mod is unique up to Ky = K:(i)y(°) mod tl^ for some y = y(°) + tly^^^ mod tl^ 
in //[[fi]]. Combining together (A.30) and (A.33), we also conclude that 

X'-X = f(y) + Ki; mod fl^ 
where ^ = C^"^ + ^C'^^ modtl^. 
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Proof. Consider r\ = r]^^^ + Hr]^^^ H — e '^[[fl]] satisfying Kr\ = 0. Fix n>l and assume 
that 

(1) there is a pair {x, %] which satisfies r\ = f(x) + KX, mod where 

X = xf°) + ?zx(i) + • • • + n"-^x^"-^\ 

(2) Kx = mod n", 

(3) for any other pair {x', X,'} satisfying ■¥] = ^id) + KX,' mod tl", there is a pair |y, j, 
where 

y = y(0) + ^y(l) + • • • + ^"-^y^""!), 
i; = ^(0) + ^^(l) + ... + ^«-l^(n-l)_ 

such that 

x' — x=-Ky morf tl", 
X'-X = f(y) + Ki; morf 

From the given condition Ktj = 0, we have 

n~l 

Qr]^"^ + ^K^"~^^r]^^^ = 0. (A34) 
From assumption (1) we have, for < £ < n — 1, 

Hence (A.34) becomes 

Q^(n) + Z^-^') (x(^')) + K^n-Oj^Wx^i-j) + K^n-()QX^() = Q, 

^=0 j=0 i=0 ;=1 e=o 

which is equivalent to 

/' n—l n—l 



\ n-l 










\j=l J 



(A.35) 



./=1 
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where we have used = and Kf = Kf with some ressummations. From assumption 
(2) we have X]=i k^^x^^'}^ = for all < ^ < « - 1. Hence (A.35) reduces to 

Q Lm -Y^fWr - ^ K^'^-i^aA - - / fx '^^'^^^""'^1 • (^-36) 

V i=0 t-O J \i=l J 

Then, by taking the Q-cohomology class of the above relation, we have 

n 

^^(/yn-0 = o, (A37) 

i=l 

as well as 

V 1=0 t=o J 

It follows, from (A.38) that there is a x(") G H and some A^"^ G such that 

Equivalently, we have 

e=o e=o 

Set 

Then (A.39) together with assumption (1) is equivalent to the following: 
(T). The pair satisfies t] =f(x)+ mod 

The relation (A.37) together with assumption (2) is equivalent to the following: 
(2). Kx = mod 

Let {x', %'] be any other pair satisfying r\ = f (x') +K%' mod H"^ such that, by assump- 
tion (3), 

x' = X — Ky, 
>.'-^ + f(y) + K^, 

where x' - x'™ + ^x'd) + • • • + n'^'^x'^"-^^ and = A'™ + ^A'^) + • ■ • + ^""^ A'("-i). Then 
we also have we have, for < £ < n — 1, 

r,(^) = 2^/0-) (x'(^-i)) +QA'(^^ + 2]i^(^'U'(^-^^ 

J=0 7=1 
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Repeating the same steps as the derivations of (A.35) to (A.38), we can conclude that 

Q Lin) _ j-mr _ ^ ]^n-i);^m] =0. (yl.40) 

V ^=0 e=o J 

Hence there is a x'("5 G H and some A'("5 G ^ such that 

^(n) ^ ^ ^^/{n-^)-| + g A'(^) + QA'C). (^.41) 

£=0 £=0 

By comparing the above with (A.39) we have 

f=0 f=0 

iAA2) 

The RHS of the above can be rewritten as follows: 

RHs =f(x K^'¥"-A + ( f^'^ iy^"''^) + ' 

where we have used assumption (3) in components, that is, for < £ <« - 1, 

;=o 7=0 
and = Kf - fK = 0. Hence (A.42) becomes 

(A.43) 

By taking the Q-cohomology class of the above, we have 

Then, (A.44) is reduced to 

Q |^A<"^ - A'f''^ - ^ (/^) (y ("-^^) + id^^C^"-^)) j = 0. 
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It follows that there is a pair |y("^ C*-"^} such that 



Equivalently 

e=i e=i 

Set 

y = y +n"y^"\ 

Then the relations (A. 44) and (A.45) together with assumption (3) imply the following: 
(3). For the another pair |x', X'} satisfying if) = f (x') + KX,' mod H"^^, we have 

x'-x=— Ky morf 

^' - ^ = f (y) + mod 

Hence by mathematical induction, we have the proposition. □ 
Now we turn to proposition 2.2: 

Proposition A.2. A pairix,^} G //[[n]]W ® satisfies 

f(x)=K^ 

if and only if there is a pair ^y,^^ ei/[[^]]W~i ® such that 

x = Ky, 

X, = f(y) + Ki; 

Prao/ Assume that x = Ky and X = f (y) + Ki^. Then KX = Kf (y) = f (uy). Hence 
= f (x). It remains to show that there is there is a pair jy, j such that x = Ky and 
X = f(y) + K^iff(x)=KX. 



- The condition f (x) = 



KX modulo fl is 



(A.46) 
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It follows that = and QA(°) = 0, which implies that there is a pair ^(o)} 
such that A(o) = / (y + QC^^h 

Sety = yf'^^ mod ti and = i^^'^^ mod H. Then (A.47) is equivalent to 

x= Kv mod fl, 

(A.48) 

X, = f(y) + Ki; mod n 
The condition f (x) = KX modulo tl^ is equivalent to (A.46) and 

/ (x'") + (x(oi) - iC^^U^"^ + QX^'K (A.49) 

From (A.47), we have (x^)) = and 

iCmA™ = r(i)/(y(o)) + r(i)Q^('') 

= /(Kmy(o)-Q(/W(y™)+icWC^«)).. 

Thus, (A.49) becomes 

/ (x(i) - K^yW^^ = Q (Ad) - /(I) (yW) - iC(i)C(«)) . 

It follows that 

and Q (A^) - /^^ (yt")) - ^d^^C)) = 0, which implies that there is a pair {y^^\ ^d)} 
such that Ad) - /d) (y m) _ ic(i)f (0) = / (yd)) + Q^(i), i.e., 

Ad) = fW (y CO)) + / (yd)) + iCd)^(O) + Q^d). (A.51) 

Set y = y(o) + ^yd) mod and i; = + ^^d) morf n^. Then (A.50) and (A.51) 
together with (A.48) are equivalent to 

TL=Ky mod tl^, 
X = f(y) + Ki; mod % 

(Assumption): Flk n>2 and assume that there is a pair jy, i^j, where 

y = y(0) + ^yd) + • • • + ^""lyC""!), 

i;=C™+fiC^i)+-+r-ic(''-i), 

such that 

x= Ky mod Tl^, 
X = f(y) + Ki; mod n". 



2 (^-52) 
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- From the condition f (x) = KX,, we have 

/(jcf')) -QAW = -|;/"-^^ (xW) (A.53) 

(=0 e=o 

From the assumption we have, for < ^ < n — 1, 



j=l 3=1 

Make the substitution as the above to (A.53), we obtain that 

/ (x^")) - QA^"^ =A^"^ + 5^"^ (^.54) 

where 

n-l I n-l n-1 I 

f=0 7=1 f=0 f=0 ;=l 

n-\ n-l I 

f=0 f=0 7=1 

From Kf = fn and = 0, we obtain that 

V£=l J i=l 

l=\ 

Hence (A.54) reduces to 

By taking the Q-cohomology class of the above relation we have 

l=\ 

as well as 

V i=\ i=\ J 
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which implies that there is a pair |y("^, C^"^} such that 

f=l ^=1 

Equivalently, we have 

A(") = /(y(«))+^/m(y("-^))+QC(") + ^iC(«C("-«. (A57) 

Sety = y+/z"y(") and^ = ^ + ^"^^"1 Then the relation {A.56) and {A.55) together 
with our assumption is equivalent to the following: 

x= Ky mod tl"~^^, 

Hence we have proved the proposition by the mathematical induction. □ 



B. Appendix 

Let {^,Q, (•, •)) be a DGOLA over k and let the cohomology H of the correspond cochain 

complex {"ia.Q) is finite dimensional for each ghost number as a Z-graded k-vector 
space. Let {e„} be a basis of Hand let tn — be the dual basis. We denote j5„ = ^| 
be the corresponding formal partial derivative acting on k[[r/f]] as derivations. As- 
sume that we have a^jcerf versal solution G [[?//]]" to the Maurer-Cartan equation 
of the DGOLA 

Q0+-(0,0) = O, 

where 

00 , 

= ?«o„+5]-f««-r«io„,...„„ 

n=2 

such that the set {Oa} from the leading term is a set of representative of the basis [Ca] 
of H. The Maurer-Cartan equation implies that 

Qe:=Q + i0,»):n[tH]y^'^[[tH]V^' 
satisfies Q| = 0. By applying dy to the Maurer-Cartan equation we obtain that 

Q0^-F(0,0^) = O, 

where 0^ := 5^0 e <^ [ [ f^] ] Irl . 
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We recall that any homogeneous element X e Sg' 1^1 satisfying QX = can be expressed 
asX = ci^Oy + QY with unique set of constants {c''} in k and some Y G defined 
modulo Ker Q. Also for any equality in the form QY — c'^Oy implies that c'' = for all j, 

since by taking the Q-cohomology class we have c^lOy] = €^6^ — and {ey] are linearly 
independent, as well as that QY = 0. The purpose of this appendix is to confirm that 
the similar properties involving Q© = Q + (0, ) and the set {0^}. 

Proposition B.l. Any homogeneous element 3C ^'^[[tH]W^ satisfying 

Qe3C = 

can be expressed as 

X=BT^0y + Q0'3^, 

where {BT] &k[[tH]] is defined uniquely and "3^ ^ '^'"^ is defined modulo Ker Qg. 

Proposition B.2. Assume that we have the following equality 

QeW = Brey, 
where {Br}&^[tH]\. Then Br = for all y and Qe'W = 

For our purpose we shall establish the above propositions modulo t^"^ and take the 
limit n ^ 00. 



Let G mod t^^ be a versal solution of the Maurer-Cartan equation mod- 

ulo f^+i; 

Q0-l-^(0,0) = Omod 

LetQ0 = Q-l-(0,») mod Then, for any ^ G '^[[fn]] mod ?^+\ we have = 
mod Let Qy = dyQ g '€\\ti-i\^-(\ mod t^. Then QgOy = mod t^. We use de- 
compositions of mod and Qy mod t^ in terms of the word length in tn'. 

= 0[il+... + 0[«l mod t"+\ 
0^ = 0[oi + 0W + . . . + 0["-i] mod t^, 

where 

0^"^ = ■ • ■ O^-t-"! fork = l,2,-,n., 

®r ' = f • • • Oaj-a,r for = 0, 1, • • • , « - L 

In particular 0[il — t"Oa and 0^^ = Oy, where QOy = for all y and the Q-cohomology 
classes {[Oy]} of [Oy] form a basis {e,-} of the Q-cohomology group H. 
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Property B.l. The condition Q0 + 1 (0,0) = mod t^^^ is equivalent to the following 
sequence of equations 

Q0[il = 0, 

Q0[21 + i^0[l]^0[l])=O, 

Q0[«1 + _ ^ , 0[n-;l ) = 0. 

Property B.2. The condition that QQy + [0,0j-) = mod t^ is equivalent to the fol- 
lowing sequence of equations 

Q0™=O, 

Q0W + (0W,0[''l)=O, 

Q0W+^(0m,0[«-fl)=o. 
e=i 

Proposition B.3. Let e Si^ mod t^'^^ be a versal solution to the MC equation 

modulo f^+^ andletOj = dj0^'^[[tH]]^^^ mod t^ so thatQ0y + {0,Qy^ =0 mod t^. 
Then any homogeneous element 3C G mod t^ satisfying 

Q3C + {0,3C) = Qmod t^ 

can he expressed as 

3C = B'^Qy + Q<3/ + (0, mod t^ 

where BT g Ik[[fH]] defined uniquely modulo t^ and 'W G 'i^ [[fn]]'^'"^ mod t^ defined 
modulo KerQe. 



Proof. Decompose ^ mod t^ in terms of the word length in tn'- 



a; = 5r["i+5rw + ---+5r["-i] mod tl 
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Then the condition + (0, ^) = mod is equivalent to the following sequence 
of equations: 



n-2 



Q^[«-i]+^(0['»-^-i],^m) = o. 



i=0 

Then we need to find following sequence of solutions with the claimed properties: 



^[o] = BMr0[o]+Q^[o]^ 

^[1] = fiMreW + BWr0[o] +Q^[i] + (0[o]^^[i]) ^ 



for unique Br = fiMr + ^[ilr + ... + ^[n-ilr morf where B^i^r = ifai ■■■t''ibaj...aj 
and e and for some ^ - ^'M + + ••• + morf t^, where = 

and F„,...„, G <^la;l+- ■•+lail-l. 

We are going to use mathematical induction: consider the condition Qe3^ = mod t]j, 
which is equivalent to Q^I"! = 0. Then we have 

for unique B^^^^r e |k and for some e defined modulo Ker Q, since ^["l G 
and 01?' = O,.. Hence our claim is true modulo f^. 

FiK A: such that \<k<n — \ and assume that our claim is true for modulo t^^'. 

9C = BrQf + Q'S/ + {Q,'W) mod t^+^ (6.1) 

where Br = fiMr + fitilr • • • + Bl^lr mod 4+^ defined uniquely and ^ = + + 
— I- fS^W mod defined modulo Ker Qq. We have, in components, for all j = 
0,l,--,k, 
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Then, we need to show that there exist unique iJI^^+ilT" and -S^I^^+il satisfying 
fc+1 fc+1 

such that 

^ = BWy + Q^ + i0,'3/) mod t^+^ 

for unique Br = fiMr + ^[ilr + • • • + ^[^^Ir + mod and for some W = + 

^[1] + . . . + ^[fc] + ^[fc+i] mod 4+^ is defined modulo Ker Qq. 

We shall proceed as follows: 

- (Claim 1): we claim that the following expression: 

fc+1 fc+1 
^[fc+i] .= _^[fc+i] _^5[fc+i-^]r0m -^(^0W,3/[fc+i-^l) 

e=i e=i 

satisfies Q/['^+il = 0. 

- (Claim 2) : Note that the last term of the expression ^ is ambiguous due to 

the ambiguities of '3^ = H \-'3/^W mod tj^'^^, which is assumed to be defined 

modulo Ker Q + (0, ). We claim that the resulting ambiguity of ^1*^+^1 is Q-exact. 
That is, if '3/' = +• • • 'S^'I'^l mod f^+^ denote any other possible choice for (6.1), 
and let 

fc+1 fc+1 
^/[fc+i] :=^[fc+il _^B[fc+i-^lr0[^l (0[^l,3^'[*^+i-^l), 

e=i e=i 

then 

fc 

^[fc+i] _yik+i]=j^^Qik+i-t]^^m _ ^mj e Q. 

Hence both and ^'[fc+i] belong to the same Q-cohomology class. 

From the above claims, it follows that there is unique set {51*^+^1''}, where Bl^^+ilr = 
^ f Pi . . . fP*« bp,^,...pj, such that 



j[k+l] = B^k+l]rQ[0] _^Qa^[k+l]^ 

j'lk+i] — 5[fc+i]r0[o] ^Q^4fc+i]^ 



' (6.2) 
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for some "S^l^^+il, '3^4^+1] defined modulo Ker Q. From the above and the definitions of 
j[k+i] and /'[fc+i] we obtain that 



r ' (6.3) 

k+l k+l ^ ' 



f=0 i=\ 

Fromeq. (6.2) we also obtain that /I^^+il-Q^I^^+i] = /'[*^+il-Q^'[*^+il, which implies 
that 

k 

Q _ ^[fc+U j +^ (0[fc+i-^]^ ^/[^] _ ^[f]) = 0. (6.4) 

e=o 

Let?y :=<3^[''l+---+^[*^l+^[*^+il mod f]^"^^' and^?^':= ^'[o]+...+^y/[fc]+^4fc+i] 
Combined with our assumption, the relations in eq. (6.3) imply that 

^ = B^Gy + Q'3^ + [0,'3^) mod 

= BWy + q^' + (0, 9') mod 4"^^ 

Combined with our assumption, the relation in eq. (6.4) implies that 

q{<S/' - ^) + (0, ^' - ^) = mod t^+^. 

Thus, we shall have a proof of our proposition by mathematical induction the two 
claims above are checked. 

Proof of Claim 1. We shall show that 

k fk+l k+l \ 

2 (0[*:+i-ii,^m) = -Q K]B[fc+i-^]r0m (0[^i,^[*^+i-^]) .. (6.5) 

;=0 \i=l 1=1 J 

From the condition QST + (0, JfT) = mod f^"*"^, which implies that 

k+l 



Q^[fc+i]+^(^0m,^[fc+i-^]) = o, 



e=i 

we see that (6.5) is equivalent to the claim that 1*^+^] = 0. 
Consider the left hand side of eq. (6.5): 
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From the assumption (6.1) we have 
k k j 

J (0[^+Wl,^[;l) =£^£^Bmr (0[fc+i-;],0j/-^l) 



j=oe=o 

k 



k i 



;'=0 ;'=0 i=\ 

We consider the first and second lines in the right hand side of the above separately: 



- For the first line we have 

k i 



k+l 



/=0^=0 i=l \i=\ 



"k+l 



where we did re-summations for the first equality and used Property B.2 for the 
second equality. 
- For the second line we have 

k k j 

^(0[*^+Wl,Q^[;l)+^2](0''+'"^',K',^'^"'')) 

;=0 7=0 1=1 

= _Q^(0[fc+W],3^[;]) 



7=0 



k ] 



7=0 7=0 1=1 

k+l 

=_Q^(0m,g.[fc+i-fi) 

t=i 

k+l f 7-1 ^ 

+^ Q0m +^ (0['i,0[i--i) 

7=1 V J 

k+l 



= _q2](0W,^['^+i-^1), 



f=i 



where we have used the property that Q is a derivation of the BV bracket in the 

first equality, re- summations in the second equality and the Jacobi identity of the 
BV bracket in the third equality, and the MC equation modulo f^"'"^ (Property B.l) 
for the last equality. Thus we have established the identity in eq. (6.5). 
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Proof of Claim 2. Consider the last term of ^I^^+il defined in claim 1, which can be 
re- summed as 

Let ^ = + mod f^+\ By the assumption that '3^ mod r^+^ is defined 

modulo Ker Q + (0, ). Let '3/' = ^'["1 + • • 'S^'I*^] mod denote any other possible 
choice such that [W — mod belongs to Ker Q + (0, ). Then, by the assump- 
tion, we have 

'3/'-'W = + Qif + (0, W) mod t^+^ 

for some Cr e k[[tH]]/tj^'^^ and some ^ G ('^ <8>Ik[[^H]]/4"^^)'^'"^ Thus for each < 
£<k,we have 

^VV _ = ^YTQ,] + Q^W + (0, ^) W . 

Let 

k+l k+l 

j'[k+\\ ._ ^[fc+i] _ ^ 5[fc+i-^]r0[^l _ ^ (^0[^]^ ^'[fc-Hi-^] j ^ 

then 

k 
(=0 

= (0, yre^) + (0, Qw + (0, ^jji'^+ii . 

It remains to show that the right hand side of the above is Q-exact. The first term can 
be rearranged as follows 

(0, Fr0^)[^+il yUJr (0,0,)[*^+^-^l . 

7=0 

We then use the identity Q0 -I- (0, 0y)=O mod tj^ (Property B.2) to obtain that 

(0, yre^f^'^ = -QZ Y^^roUc+i-J]^ 
For the second term, we have 

f I >y [k+l] 

(0, QW + (0, = -Q((0, :r)[*^+^l + Q0 + - (0, 0) , ^ i 



= -Q{0,W) 



Ik+i] 
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where we used the property that Q is a derivation of the BV bracket and the Jacobi 
identity of the BV bracket for the first equality and the MC equation Q0 + 1 (0, 0) = 
mod for the second equality. Combined together we have 

k 



i=0 

f 



=-Q 

to establish the claim. □ 



Proposition B.4. Let0 E mod t^^^ be a versal solution to the MC equation 

modulo t^'^^ and letdj = dyQ e mod t^. Let m < n. Assume that we have 

the following equality 

Q3C + {0,3C) = C'^e^ mod t^ 
where 3C ^^[[tnW^modt^ andCr ^k\[tH\] mod t^. Then 

a = Qmodt^ Vr, 
Q3C + {e,3C) = Qmod f^. 

and 

Proof. It is obvious, for the case m = 1, since the condition Q^+(0, ^) = €^0^ mod tj^ 
is equivalent to 

so that CMr = for all y and Q^™ = 0. It follows that 

^[«l = Brar0[oi+Q^[oi. 

Fix 7 such that 2 < 7 < m - 1 and assume that 

QX + {0,3t:) = Omod f^, 

C = mod tjj Vf. 
Then the condition 

+ (0,^) = CWy mod t^j^^ 

is equivalent to 

Qari^'+n + (0,a:)[^'+ii = c[^'+ii''0{"i, (6.7) 



(6.6) 
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in addition to (6.6), and we need to show that C^J+'^^r — o for all y. 

From proposition B.3, the assumption that + {0,^) = O mod implies that 

^ = B^Oy + + (0, ^) mod tij 

with some Br g k[[tH]] mod 4 and some W G '^[[fn]]!^!-! mod tjj. Then the term 
(0,^)[^+^l in (6.7) becomes 

(0, ar)[^+il = (0, Br0y + Q^ + (0, ^)) ^^'^^ 

= -Q{Br0y + {0,^)y^^'\ 

where we have used the property that Q is a derivation of the bracket, i.e., 

Q(0, ^)[-'+^] = (Q0, - (0,Q^)[-'+^] , 

for the 2nd equality and the assumptions that Q0^ + (0,0,.) = mod and Q0 + 
|(0,0) = mod after the Jacobi law of the bracket for the last equality. Hence 
(6.7) implies that 

Q[^- Br0y - (0, ^)) = C^j+^^r0f^ . 

It follows that Ct^+ilr = for V)- and QJ^I^'+il + (0,a:)'^'+^l = 0. Thus we have estab- 
lished that C = mod tj^^ for all y andQ^ -|-(0,^) = O mod tj^^. Our proposition 
follows by mathematical induction. □ 
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